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\n Absolute Measurement of Resistance by the Wenner 


Method 


By James L. Thomas, Chester Peterson, 


! paper repor oor of a projec 
i tern ree i | 
nu tid T ix «ce ected w ‘ 
! measured cine | 
| pice i 1 tre en y We ‘ ‘ . 
Measure ¢ i i ( f O.2O0G04 
Bu 
| Tithe hen i dine ‘ 
ur " change i ductance, beca 
t made ¢ the \\ dates s \ 
I erva he value of the f re 
fir hit 1 i as tet levised 


I. Introduction 


The unit of electrical resistance now in general! 


was selected in 1S61 by i committee appoimted 
the British 


(ssociation for the Advancement of 


ScLenice This committee selected as the unit 10° 
s electromagnetic units 
\s electrical resistance could be measured in 


rms of standards of length, time, and the per- 


ability of tree space which is assumed to have 
value of unity in the egs electromagnetic system, 
ol 


llowever 


standard resistance was theoretically not 


cessary necurate resistance measure- 
nts in terms of length and time were extremely 
heult, and the committee decided to construct 
indards of resistance that were to be evaluated 
erms of the mechanical units 


\ few 


et, to change 


the in 


definition 


later committee decided, 
the of the 
n terms of the standards that had been 
of the egs This 
lure was analagous to what had been done in the 
e of the The 


fined ten-millionth 


vears 


unit and 
ine itt 
tluated in terms 


ulbits pro- 


meter meter was originally 
of the of the 


then a was 


length 


as a 


th’s quadrant and standard con- 
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Irvin L. Cooter, and F. Ralph Kotter 
irted 929 for the measureme i re 
i pocacne | od a 
i wteri ed Liew pul in ( 
i tire ( ( ree j The re ilt 
t i ( rit ined a 
le 1 193S and aga 1G4S \ 
‘ | limens “ t electrica 
i ere i Tent oO appre ible chanwe 
anit is mia ned a his Bureau l 
il ( il par i 


strueted to have this length Later, the length 
ol the 
| nfortunately the standards that were selected as 
the ol 


ana 


the standard was taken as defining unit 


defining unit resistance were not very 


therefore such a 
In 


(ssociation 


stable with time unit Was 


rather unsatishictory ISTS) Rowland 1 | 


that the British 


error by more than 1 percent, although it 


showed unit Was in 


Was hot 
known how much of this error wasa result of adrift 
in the unit as maintained by standards and how 
much arose from errors in the original determina- 
of the the ol 


length 


tion values of standards in terms 
time, and permeability. 

To obtain a standard that would not drift with 
the that 
Chicago in 1895 adopted as the “international ohm’ 
the ol 
The 


vive a resistance as near LO’ cgs ele tromacnets 


time International Congress met n 


resistance a mercury column of specified 


dimensions dimensions were selected = to 


units as possible at that time Subsequent meas- 


high 


Intended 


urements showed the international ohm to be 


by about 1 part in 2,000 in terms of its 


value in absolute units 
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The definition of the international ohm in terms 
of a mereury column apparently solved the prob- 
lem of the stability of standards, as the unit could 
be realized by means of mercury tubes to a few 
llowevet by the 1920's, 


parts in 10 absolute 


measurements of resistance could be made to an 
equal accuracy, and the mercury ohm became an 
unnecessary step in the calibration of wire-wound 
standards that were universally used to maintain 
the unit. Moreover, 
inate the error of 1 part in 2,000 that had been 


t seemed desirable to elim- 


introduced in the unit at the time the dimensions 
of the ePrCUry ohm were specified Therefore In 
1928 this Bureau, at the suggestion of the Ameri- 
can Institute of Electrical Engineers, and with the 
LP EEOUs approval of a committee representing 
the large national electrical organizations of this 
cOUnLrY, recommended the abandonment of the 
mercury ohm and the return to the absolute ohm 
This 


Advisory Committee on Klec- 


as the basic unit recommendation was 
made through its 
tricitV to the International Committee on Weights 


and Measures, and with its approval steps were 


taken looking to the hange in units as of January 
| ro40 
made until January | 


Because of the war the change was not 
1O4S 

In preparation for this change in units national 
laboratories were asked to carry out “absolute- 
ohm determinations,” and several such determina- 


tions were made using 


different 


Two separate Groups, 


entirely methods worked for several 


vears in this Bureau on the problem of measuring 


standard resistors ub tertiis of thre absolute unit of 
resistance The results obtamed yy one FrouUup 
have already been published and their results, as 
well as those obtained by other mnvestigators, are 
summarized in a paper published in 1944 in this 
journal [2] 
The method chosen for the determination herein 
reported was suggested in 1908 by Frank Wenne1 
but no mensurements were made ut that time 
lis method utilizes direct current flowing through 
a resistor and the primary of a mutual inductor 
The current through the primary of the inductor 
is reversed periodically, the secondary emf being 
rectified and balanced neainst the constant poten- 
tial difference across the resistor During the 


World War l, Wenner, 


devoted some time to the de- 


decade following with 
Various assistaits 
velopment of certain aspects of the problem, par- 


ticularly that of obtaining a constant-speed drive 
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Work on the modern development of the meth 
Was started in 1929 by Wenner and Peterson, a 
1929-33 a fairly 


during the period satisfacto 





solution of the constant-speed problem was work 
out utilizing a direct-current motor drive with 
small 1,000-¢/s generator on its shaft The sy 
tem was synehronized against a 1,000-c/s sigt 


obtained from crystal oscillators. During tl 
period many of the measuring circuit componen 
were constructed, the porcelain form for the 
ductor was procured, and the method as a who 
tested, using for the mutual inductor a prelimina 
model, of the Campbell type, wound on wood 
forms The electrical balances obtained dur 
these trials were quite unsteady, mainly because 
erratic brush operation and inability to hold 1] 
current through the test resistor constant duri 
primary commutation. Work on the project was 
allowed to lapse in 1933, but was recommenced ; 
an accelerated pace in 1Q35 by a group Consist 


of Frank Wenner, 


Cooter, and F Ralph Kotter 


dames L. Thomas, Irvin | 
They improved t] 
speed control [4] largely through a substitution ¢ 


electronic for mechanical relaws. They cor 
structed a mutual inductor of a modified Cam 
bel] tv pe and obtained a highly satisiactory px 
formance of the measuring circuit by includin 

special “reversing eronerator’” in series with 

primary of the inductor. A progress report w: 
POSS 


prepared ino September and a prelimina 


report of numerical results was issued in Decemb 


1O3S These re ports were issued ino mimeogra 
form, and copies were sent to the Advisory Cor 
mittee on Electricity, which had been instruct 
Dy the International Committee on We ivwhts al 
Measures to recommend the best value for 
ratio of the international and absolute olims ‘] 
Necessity ol submitting results to the Advise 
Committe by the end of 1983S curtailed sor 
phases of the investigation, and a critical st 
of the results could not be made before issuance 
the reports It was therefore decided to repr 
all measurements, after making improveme 
that the first determinations had shown io be « 
sirable, and then to publish in detail the meth 
and results of the second mvestigation = 
project was in abevance during World Wat 
but was resumed in 1946 by the authors of 
paper, and the results are reported herein. 
Throughout this paper the abbreviation « 


will be used to denote that the unit is expresse: 
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Whe MN 


egos electromagnetic system of units 





, 
, magnitudes of small corrections are expressed 
D proportional parts, the abbreviation ppm, 
< ining parts per million, will frequently be 
ploved 
: II. Theory of the Method 
The method consists in measuring a resistance 
I terms of a mutual inductance and a speed of 
ition. The mutual inductance is calculated 
« mm the dimensions of a mutual inductor, and the 
it ed is held constant bv an. electronic speed 
trol. The fundamentals of the procedure may 
inderstood from figure 1 By means of the 
uve battery B, a direct current I, Is passed 
ough the resistor, R, and the primary of the 
ial inductor, A/ \ rotary switch, C, reverses 
\ connections to. the primary but «does not 
erse the current through the resistor. This 
ch is driven at constant speed, the current 
| ough the primary of the mutual inductor 
he reversed about 15> «times pel second A 


mmutator, JJ, on the same shaft reetifies the 
This 


fied emf is connected through a direct-current 


| ernatinge emf induced in the secondary. 


potential dif- 
Assuming that the 


on! 
( 
“ : 
E 
\ 


————“+ — 
mend | 


vanometet ( © oppose the 


ree Necross LTesistol R 


© 





nhnometer can ttegrate properly the nverage 


wed emf from the mutual inductor and the 


rae potent nl a ferences neross the resistol 
be equal when the galvanometer shows no 


thre x’ CO} ditions 


L,R=4Ani,M 
/ = the vera 


se resistance. A. is to be measured. 2n 1s the 


current in the resistor 


mber of reversals per second is the current 


he primary of the mutual inductor at. the 
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“absolute units that is 





instant of reversal of the secondary connections, 
and \/ is the mutual inductance of the inductor, 


Equation 1 may be expressed in the form 


R-4nM / 2 


The current ratio 7, 7, in this equation must be 
constant and known with the same aecuraeyv as 
that desired for R It is extremely difficult) to 
measure a ratio of this kind with an ac Uraes of 
| ppm o1 better The Hecessity for measuring 
this current ratio is avoided by so arranging the 
circuit that the instantaneous value of current in 
the resistor A never departs from its value aver- 
aged Over sé veral CVE les ol operation hy ws rte hy 
as lt ppm. This means that during that portion 


of the evele when the primary of the mutual 


inductor is in series with A, the current ino the 
inductor is made to assume a value equal to that 
in the resistor, and since the secondary connections 
are reversed auring this portion ol the evel 

will consequi ntly be within 1 ppm ol ZT, and the 


ratio / 


nmount 


will differ from unity by a negligible 
Inasmuch as the current in the primary 
of the inductor is ve ry constant when the second 
ary connmeclions are reversed, the secondary volt- 
age due to induction frome the primary will then 
be negligible and no such emf will be lost durin 
the brief periods when the secondary is: short- 


eireuited Under these conditions eq 2 becomes 
R—4nM 


\s Vos ealeulated from qdinensions measured 
with reference to length standards, and as is 
mensuread indirectly im terms of the mean solar 
second, this method permits # to be measured in 
terms ol 
time, and permeability Although permeability 
does not appeal explicithy in eq 5, It is involved 
mplicith inh \/ and mensurements must by 


med im the 


made to ascertain that no mater 
nductor or its immediate field has a permeability 
that differs from the standard (an by more than 
a tolerable amount 

In order that the conditions st pulated mn the 
preceding paragraph mav be met several aevices 
must be added to the simple eireuit: indieated= in 
lron-cored choke 


fivure | coils placed in the 


primary circuit) tend to maintaim the current 


constant but, since the inductance of an iron-cored 
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choke coil is reduced by direct current in the coil, 
it is difficult to obtain the hecessary “smoothing” 
in this way. In order to overcome this difficulty, 


Whit might be called “eleetronie chokes” are 


emploved, the details of which have been deseribed 
In another paper [5] 
In addition to the iron-cored and electronic 
chokes, a special device which, for want of a better 
“reversing generator’, ts 


name, mav be called a 


used in the primary cireuit The funetion of this 
In the first place, 


shorted at the 


reversing generator is twofold 


while the primary cirreutt Is 


reversing commutator, it reverses the current 
through J/ in a predetermined manner in order to 
facilitate the maintenance of small instantaneous 
emf’s in the secondary circuit The second and 
more important function of the reversing generator 
is to supply an emf in the primary circuit at all 
times equal and opposite to the emf across the 
primary of the mutual inductor. To the accuracy 


with whieh thi equality is maintamed, the poten- 


tial difference across the eireuit at the reversing 


switch, C, is always zero Hence the connection 
or removal of a short-circuit across this part of the 
cireutt does not affeet the primary current 7, as 


thr short-cireutt is between pomts atl equal 


potential 

In order that the galvanometer shall properly 
Integrate the current in the secondary circuit, it is 
hecessary to prevent the passage of large currents 
through it This is done by inserting very large 
un inductor generator in series in 


‘ hoke coils nna 


the secondary. cireuit The choke coils tend to 


reduce the alternating component ol current 
through the galvanometer without greatly redue- 
ing the unidirectional current resulting from a lack 
of balances An inductor generator has an emf 
that always averages zero, and henee it has no 
effect on the balance of the etreuit If it is so 
designed that its emf is at every instant equal anal 
opposite to the sum of the IR drop and the rectified 
secondary tduced emf at balance, the instantane- 
ous Values of the net emf in the secondary cireutt 
can be kept verv small 

It was not feasible to design the wduetor 
venerator mn the secondary circuit to give a com- 
paratively complicated wave form to match that 
produced in the circuit by the sum of the 7R drop 
and the secondaryv-induced emi The order of the 
reversed the Inductor 


design Wis therefore 


venerator being built) to ve oan approximately 
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rectangular-shaped emf wave. Then the prima 
reversing-generator was designed to reverse t! 
current through the primary of the mutual indu 
tor in such a way that the secondary emf so | 
duced, when added to the JR drop through tl 
primary resistor, would give a voltage equal ar 
opposite at every instant to that of the induct: 
venerator. The accuracy of matching was mm 
carried to an extreme, it being intended that t! 
inductor-generator should) reduce the volta 
amplitude by a factor of about LO 

Besides the 


apparatus just mentioned for the measureme! 


design and construction of tl 


circuit’ it Was necessary to design, construc 
measure, and calculate the inductance of a mutu 
induetor, and it was also hecessary lo develop 
system ol speed control such that the reversi 
commutators could be driven at a constant know 
rate. The work on the mutual inductor, spe 
control, and on the measuring cireuit will | 


described under separate headings 
III. Construction of the Mutual Inductor 


1. General Considerations 


The value of mutual inductance required for t! 


cireuit was fixed by the values selected for PR and 


For Ra double-walled l-ohm resistor was used 


this tvpe Was the most stable in resistance of at 
available \ value was selected for » that wou 
not be an integral multiple or submultiple of t] 
frequeney of any probable extraneous emf. Tl 
value of about 23 rps. actually 1000 44, was 
lected on the basis of the frequencies of power lin 
and a-c¢ generators known to be in operation int! 
vicinity of the equipment. These values select: 
for R and n required the use of LL millthenrtes 
mutual inductance. However, an inductanes 
slightly less than 11 millihenries was used in or 
that the cireuit could be balanced by means o! 
shunt of moderate size across the l-ohm standa 
resiz tor, 

An exeellent design for an inductor of appro 
mately this value was available as the result 
work by Campbell Ol at the National Phys 
Laboratory This inductor consists of a sing 
laver helix on an accurately constructed eylin 
and a multilaver secondary in such a position t! 
its dimensions need not be accurately known 
order to fulfil this condition, Campbell divided 


primary winding into two coaxial single-laver « 
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h a considerable distance between them \ 
rent flowing through the two coils connected 
series aiding gave a circle of zero magnetic field 
side the primary evlinder, and the secondary 
Near the cirele 


zero field the space rate of change of field 


| was located about this cirele 


ength was small, and errors in measurements of 
location of the secondary turns gave negligible 
ors In the caleulated flux linked with the second- 
turns and hence in the ealeulated mutual 
ielance 
For the present investigation it seemed desirable 
have the resistance and inductance of the sec- 
dary small, as it was to be shorted during com- 
itation It was decided, therefore, to use only 
out half as many turns on the secon lary us on 
primary Also, instead of following Camp- 
I's design exac tly, it was decided to try to in- 
ease the volume of the region of low field strength 
Which the secondary was to be located, thus 
owing the use of a secondary winding of larget 
oss section and hence larger wire It appeared 
at this increase might be obtained by breaking 


With a 


rrent through the three sections connected in 


‘primary into three separate sections 
ries aiding, it Was expected that two external 
reles of zero field strength would be obtained 
bv properly selecting the number of turns and the 
lative positions of the three sections, it appeared 
osstble to bring the two circles of Zero field close 
wether so that between them nu region of very 
nall field would result, in which the secondary 
nding could be located. The calculation of the 
lds for a considerable number of tentative de- 
ns would have been very laborious, so the in- 
stigation of the fields was first) carried out 


perimentally 


2. Experimental Design of Mutual Inductor 


To imvestigate the fields experimentally for 
ferent combinations of turns on the primary 
ndings, a full-scale model was made of the 
oposed primary \ wooden evlinder 41 em in 
ameter and 90 em in length was wound from 
w end to the other with copper wire, the piteh 


mm being the same as that to be used on the 
imary of the standard inductor. By soldering 
® short-cireuiting Jumpers between turns, the 
actical equivalent of three separated couNXial 


ils of the same diameter was obtained The 


sulting coil arrangement is shown in section in 


\bsolute Measurement of Resistance 


ficure 2. A current flowing through coils .1 and 2 


in series will give a zero field in the neighborhoo: 


OQOO000O0 
OOO0O00O0 


OQOO0O00O 
OOOO00O0 





OOOOO0O0O0 
OOO000O 





Figtrre 2 Diag 


of Z 


series will give a zero field at Z 


Likewise, a current through B and © in 
With current 
through all three coils in series, two circles of zero 
field will be obtained but in somewhat different 
positions than for the separate combinations of 
If now the coil Bis shortened, it would 


be expected that Z, and Z, would approach each 


two coils 


other and probably change their radial distance 
from the axis. The experimental design of the 
inductor consisted in low ating the POstLLOTis of the 
zero fields and finding what lengths and relative 
positions of the coils would bring the two zero 
circles close together with a fairly weak field su 
rounding them 

To locate the positions of the zero cireles for 
the different combinations of coils, a small magnet 


and mirror were attached to a fine phosphor 


bronze wire The le neth and tension in the wire 
were adjusted until the resonant frequeney of the 


magnet and mirror was 60es. This “magnetom 


295 





eter” was then used to explore the field of the 
primary of the inductor while it was carrying an 
alternating current of a frequeney of 60 © s. 

The fields of a number of coil combinations were 
examined In each combination the two end coils 
alwavs had the same number of turns and the two 
blank spaces were always equal, so that there was 
svmmetry about the center. As had been antiet 
pated, the zero circles approached one another as 
the center section was shortened. It was found, 
however, that with the center section very short 
both zero circles were in a plane normal to the 
axis and passing through the center of the middle 


As the 


length ol the eenter section Was further decreased, 


coil, but their radii were no longer equal 


one zero moved away from and the other toward 
the helix 
With the coil 


<4 lee ted. the Iwo Zero ¢ rele s were 4 Dd and 6.5 cm, 


combination that was finally 


respectively, from the surface of the primary. For 
the 41-em form this required 159 turns in each end 


section and 25 turns in the 


central section A 
blank space corresponding to 28 turns was left at 
each end of the central section The pitch wis 
niin After this design had been determined 
caleulation 


experimentally, it Was checked by 


before the secondary coil form was constructed 


These 


ZerTo ¢ ircles ana showed the field lo be Very weak 


calculations verified the locations of the 


between them and for a reasonable distance in the 
axial direction. The secondary winding form was 
made with a channel rectangular in section, having 
a width of about S mm in the direction of the axis 
of the primary and 2.5 em in the direction of its 


radius. The general arrangemert and proportion 


of the final design of the inductor is shown in 


section in figure Fach small open circle repre- 


sents about five active primary turns The two 


dots within the secondary winding channel rep- 
resent the two circles where the field streneth of 
the primary is zero 

The experimental work described in connection 


with the design of the modified Campbell-type 


induetor was performed in 1986. Postwar recon- 
sideration of this work has indicated that) the 
space surrounding a multisection helix may con- 
tain more than two major circles of zero magnetic 
field strength and that some of these may have 


mnatter may be reexamined at a later date, but for 


been ove rlooked in thre original Investigation 
the present it is sufficient to state that the desien 
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adopted as a result of the work described hi 


proved satisfactory. 

















3. Construction of the Primary 

(a) Preparation of the Porcelain Form 
The primary of the standard mutual induct 
evlinder 41 em 
The wall thickne 
The first sti 


in the construction was the rough grinding of tl 


was wound on a porcelain 
diameter and 83 em in length. 


when completed was about 6 em 


inside and outside of this eyvlinder until an appro 


imately uniform wall thickness was obtains 
The evlinder was then mounted on a rotat 
spider ana lapped until the outside diameter w 
uniform to about 0.005 mm. [t was then mount: 
ina lathe and a shallow 2-mm threac was cut 
the surface with a diamond-charged steel whee 
The ends of the evlinder were then cut off squa 
using the same diamond-charged wheel mount 
on the cross feed of the lathe. 

Lapping blocks were made to match the rou 
thread that had been cut in the porcelain eyline 


l I l tor B 
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eutting a V-shaped thread on the inside of a 


ce of heavy-walled brass pipe about 41 em in 
ameter. The pitch of this thread was 2 mm, 
‘same as that on the porcelain evlinder. The 
readed brass pipe Was cul into plreces about 3 em 
juare, and these were cemented to steel frames 
» form laps for finishing the threads on the evlin- 
The procedure was practically identical with 
at deseribed in detail by Curtis, Moon, and 
Sparks [7]. 
Three separate lapping frames were used The 
st frame was half the length of the porcelain 
vlinder, and the lapping blocks were attached in 
ur separate groups. One set was attached at 
ich end of the frame, a third about an inch from 
he center of the frame, and the fourth group was 
ttached at about 2 in. from one of the end groups. 
During lapping, the lap was frequently turned 
nd-for-end, and it is believed that the nonsym- 
etrical spacing ol the lapping blocks reduced the 
( ndeney to catise a low region hear the center ol 
he lapped evlindet 
\ long lap will make the eylinder straight and 
he thread remarkably uniform in pitch, but there 
tendency to make the diameter slightly small 
ar each end and at the center. This can be 
orrected by using a second, very short lap and 
orking locally to reduce the diameter in the re- 
ons where the lapping is least Such a short lap 
is constructed and used occasionally To obtain 
even more uniform diameter, a third lap was 
onstructed. The frame for this lap reached en- 
rely around the evlinder and carried a number 
lapping blo ks, ina circle on the inner face, 
hich pressed against the eviindet This frame 
is not very rigid, and the circumference could 
reduced by means of setscrews, thus pulling 
blocks down tight agaist the eviindet 
Chis “nut” lap was very effective in maintaining 
iniform diameter, and it was used alternately 
th the other two laps At the completion of 
he lapping, the diameter was probably uniform 
about O.OOL mm, and no variation in pit h could 
detected with the apparatus that was used for 
preliminary measurements. The uniformity 
the diameter did not remain after the wire had 


en wound onto the evlinder. The tension i 


e wire caused i considerable COTPPesslolr of the 
reelains form, and the compression Was rot 
form. This nonuniform compression resulted 


rily from the fact that the porcelain was only 
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partially vitrified and the vitrification was prob 
ably not uniform in depth. The interior of the 
porcelain had been purposely left: unvitrified im 
order to increase the strength of the evlindet 

At the completion of lapping of the groove in 
the porcelain evlinder, t-mm holes were drilled 
through the form at the six positions where it was 
desired to end the three sections of the winding 
These holes were made with drills having tips of 
tungsten carbide, using an ordinary drill press 
Kerosine was continuously supplied along the 
drill, and the drills needed resharpening after each 
centimeter or so of penetration 

After the holes had been drilled, the approach 
sides were cut away so as to avoid sharp bends of 
the wire near the holes. This was done by manu- 
ally drawing back and forth a copper wire charged 
with silicon carbide. Short brass rods were made, 
which fitted snugly into the drilled holes One 
end of each rod was slotted to permit a tapered 
screw to spread the end of the rod and clamp it 
securely in the hole through the porcelain These 
rods served as anchors for the wire of the primary 
winding Holes for the ends of the wire of the 
primary winding were drilled through the rods 
near the outer ends, so the wires could be attached 


by set serews and soft solder 
(b) Winding of the Primary 


\fter the lapping and the drilling had been 
completed, the porcelain evlindet Was mounted 
on a wooden mandril for winding. This mandril 
had an outside diameter about 2 em less than that 
The en- 


tire surface of the mandril was first covered with 


of the inside diameter of the evlinder 


a continuous helical winding of thin-walled rubber 
tubing which lay flat against the mandril when 
connected to a vacuum line After the evlinder 
had been placed on the manadril, air Was again 
admitted into the rubber tubing, which expanded 
and supported the porcelain evlindet on a solt 
cushion. The mandril and evlinder were then 
mounted so that they could be turned at a rate of 
about 5 rpm hy means of an clectric motor 
During winding, the wire was pulled through a 
die directly onto the erooved evlindet The 
drawing tension was obtained from the motor 
that rotated the evlinder The die was so 
mounted that it moved along 2 mm for each turn 
of the porcelain eviinder ond thus remained al- 


wavs alined with the groove on the evlinder \ 
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guide consisting of a smooth hole in a maple block 
lined up the wire on the entrance side of the die. 
The carriage for the die was at a distance of about 
$m from the evlinder. In this space the wire was 
carefully washed after it had been drawn but 
before it reached the porcelain evlinder 

The wire was of annealed high-purity oxygen- 
free copper, with an initial diameter of 1.85 mm. 
Two preliminary drawings were made through 
dies of 1.77 and 1.72 mm, and the final drawing 
onto the porcelain evlinder was through a 1.70- 
mm die. All three of the dies were made of 
tungsten-carbide. There was no untapered por- 
tion to the die, and the wire was continuously 
diameter until the 


reduced = in minimum was 


reached. With the speed of drawing that was 
used, this shape was found to be very effective in 
maintaining a lubricating film on the wire. 
During the drawing, the dies were mounted in a 
housing that was belted to an electric motor and 
rotated at a rate of about 1,200 rpm. This hous- 
ing Was the same as that which was used in making 
and finishing the openings in the dies, and the holes 
were well alined with the axis of rotation of the 
housing. The rotation of the dies accomplished 
two purposes In the first place, it avoided the 
possibility of the wire’s beme slightly out-of-round 
and Iving in a definite orientation with reference 
In the 


second place, the rotation was found to assist in 


to the CTOOVesS On the porcelain evlinder 


maintaining lubricant between the die and the 
wire In facet, with the linear speed of about 10 
em s for the drawing of the wire, and a rotation of 
the die of 1,200 rpm, the film of lubricant was so 
well maintained that there was apparently no 
avetual direet contact between the wire and the die. 
This permitted the drawing of the wire without 
wear on the lie ana there was ho measurable 
difference in the diameter of the wire at the start- 


ing and at the finishing end of the coil, Meusuree 


ments being made to about QO. wp. 


In order to draw without contact between the 
wire and the die, at the speed that was used, it 
Was necessary to make a special lubrieant. 
This lubricant was a soft soap made by boiling 
down a mixture of linseed oil soap and rosin soap 
until a thiek stieky paste was obtained. 

After drawing, the wire was held in place by 
means of a clamp near the end of the evlinder 
The end of the wire was then passed through the 


hole in the anchor rod and held in place by means 
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of the set serew and solder. The rod was the 
forced into the hole in the porcelain until the wi 
Was put under a considerable tension, after whir 
the rod was fastened in place by means of tl 
expansion serew. After the ends had been a 
tached, the wire was clamped and then cut at tl 
two places needed to separate the winding in 
three parts. The three parts were separated | 
removing three turns at each cut, and the ene 
were attached to brass anchor rods as deseribe 


above. When completed, no part of the anche 


rods extended through to the inside nor to th 


outside of the porcelain evlinder, and the avow 


ance of sharp turns at the ends of the wire left 


the outside of the inductor smooth 
4. Construction of the Secondary 
The secondary form was constructed of thre 
annular disks cut 


vlass 


of 21.5 em, whereas two disks have outside radii 


of 28 em, and the third disk has an outside radiu 
of only 25 cm. 


together, with the smallest: placed between th 


two large disks to give a winding form of th: 


shape shown in 
formed is about S mm wide and 3 em in depth, an 
the secondary coil was wound in this space. 
After the glass disks had been cut roughly 
SIZe they were mounted in a lathe and cut a 
curately with a diamond-charged steel disk. 
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from sheets of heavy plat: 
All three disks have the same inner radius 


The three disks were cemented 


figure 4 The channel thus 


a 




















The glass disks were cemented together with a 
vent that was made by stirring together equal 
imes of powdered glass sand and 40 percent 
While the cement 


which re- 


ition of sodium. silicate 


s allowed to thoroughly harden, 
the channel was kept uni- 


blocks that 


red several days, 


m by means of spacing were 
chthy thicker than the inner disk 
used in winding the secondary coil 


AWG silk-enameled copper. There 
24 turns per laver, and 


The wire 
s No. 20 


24 lavers with S 2: 


ee turns ina twenty-fifth laver, giving a total of 
S turns. Between each laver and the next was 
suund a strip of strong paper, 0.15 mm in thick- 
ss. By dropping back one-"twenty-fourth turn 
stead of winding nine full turns on each laver, 
vas possible to reduce the distortion caused in 
ssing from one layer to the next. 
The design of the mutual inductor is such that 
re is little difference in the contribution to the 
tal mutual inductance of a turn in any laver and 
corresponding turn in the next adjacent lavet 
the Secon lary \\ nding Hy nee the exact shape 
d position of the wire as it passes from one lave 


No difference 


eeding | or 2 parts in 10° of the mutual induct 


the next is of minor importance 


e would be obtained if these cross-over sections 
wire were considered to be entirely in either of 
adjacent lavers instead of being in intermediate 


tions, as is the ae tual cause 
5. Electrical Connections 


\\ hye Th Ith tse 


ipported from one end. 


the primary of the mutual maductor 
with its axis vertical, 
of course this is also its position when its di- 
measured The secondary 


isiohs are 
nded by means of small brass wires from glass 


\ sidle 


s shown in figure 5 


ps laid across the top of the primary 
v of the finished inductor 


[wisted pratt ot conductors forming thre second- 


lends mav be seen on the right Connections 


the primary ave made along the front of the 


nder, which appears at the left of this photo- 
ph In the vicinity of the inductor the primary 
sare im the form of a coaNtial cable The outet 
tor of this cable makes connection at the 
tom of the primary windin The inner con- 
tor extends vertically to the top of the evlinder 
re it makes connection The three sections of 
primary are connected im series by means of 
jumpers” of the type shown in figure 6 
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Keach pun per cobsists ob an S-thith Drauss tu 

mm lone, slit longitudinally to reduce eddy ecur- 
rents Coppet contacts. A and A’, attaches 

the ends of the tubs press against thre uppro 

\\ res to connect two coils Cre eohtuct is ovr 

1) 
LO Thaihtain tis position Vvertreally While the 


priate 


s flat Amber bushings pressed into each end of 
the tube are drilled alone the axis with = 1.7-mim 
holes. and the vertical conductor Puasses through 
hese holes The foot. /. extends at right angles 


to the tube and prevents any appreciable rotat 


row thre propel Position lol thr eontacts 


held tightly in place by mea 


eonnectors are 
. 4 { | hit | 
several turhs OF Tihen thread arounad Ww’ PDT 


evilinder 


Similar contact blocks are 


\lLrenne 


nN 
ice) 
© 




















ends of the winding for connections to the primary 
lead Wires These blo ks ure much shorter, anda 


Cit li has only ohne contact 


IV. Measurements of the Dimensions of 
the Inductor 


1. Measurements of the Primary 


Genera! Considerations 





For the measurements of the dimensions of the 
primar of the mutual inductor a sper al compara- 


tor Wis bu It nie assembled hh an underground 








roon There n Uf wngular-shaped corerett pier 
was available, which was s ipported bry the undis- a 
rbed earth under the room, with no direct con- 
nection to the floor This triangular pier is about 
15m oon the side lO em th ‘., SUpported at each these three cornet! posts The details of the co 
corner by a concrete footing struction are shown in figure 7 \ triangular p 
The comparator Was des rned to be mounted on of sheet steel 1 em thick stiffened hy welded st 
this piel At each corner of the pier was placed ribs. was bolted to the top ol the framewo 
a vertical be yavon il steel post The se posts are \t the center of this triangular piece, on the low 
a littl over 2 m in length and 6.5 em between side, was welded a short piece ol heavy steel tub 
opposite flat surfaces \ welded steel framework that carries four setserews for adjusting to 
made of 4 by 6 em seamless rectangular steel vertical a threaded tron tube on which ts eat j 
tubu with 6-mn vall thiekness was bolted to the porcelain evlinder to be measured This H 
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be rests on a steel ball, which allows a free 
istment of the position of the top end 
The threaded tron tube was made from a piece 
centrifugally cast iron pipe of 12-cm outside 
mmeter and 2.5-em wall thickness This was 
st mounted in a precision lathe and = turned 
ooth on the outside A 2-mm thread was then 
ned in the tubing for consice rably ovel half its 
eth. When mounted in the comparator frame, 
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is held in a vertical with the 


the bottom. A 


thre tube 


thread dl 


position 


part at bronze nut on 


the screw supports a cast iron platform that is 
used in turn to support the porcelain evlinder 
By rotating the porcelain evlinder and platform, 
friction causing the nut to also turn, the evlinder 
can be moved up and down in the comparator 


frame. Since the thread on the serew and that 
lapped on the evlinder are of the same pitch, the 


raising and lowering of the evlinder will bring all 
the turns of the evlinder into similar positions 
with reference to the measuring parts of the 
comparator 

\ cross section showine the porcelain evlinder 


Which in 


supported on the Screw ois shown inh fivure ‘ 
evlindet rests on the cast iron rine’, PR, 
turh os supported by four lare Screws SO that the 


Nlor« over, the 


radial position of the porcelain evlinder is adjust 


level of the evlinder is adjustable 


able by four serews, which Piss through threaded 
holes Ith thr cast iron ring and press against thr 
The 
platform and its load is carried on the 
through the 45 
This cireulat 


thre 


wall of the supporting platform 7’. weight 
of the 
rounded Lop of the bronze nut, 
taper d shoulder, as shown urea ol 
thr 
binding At 


housing is a bearing that consists of thre: 


thy threads ol 


t centers bottom end of platform 


conta 


without thr top ol thr platform 


smooth 
bronze segments that rest against 
The bearing surfaces are spaced 120 
The 


a radial direction and 


the screw 
and two are fastened perlnarne thy aD plac 
third segment is Mdvable in 
is held the 


springs. This type of construction w 


snugly uevainst screw by means. of 


as used in 
order to avoid the necessity of making a very long 
nut or of alining two separate nuts 

After the evlinder is mounted in the comparator 
The 


condition is 


alined as follows 


this 


the serew and evlinder are 


screw is first set vertical, and 
attained when a sensitive spirit level on top ol the 
porcelain eviindet does not change its reading as 
By adjusting the evlinder 


: the 


the evlindes is rotated 
supports until this constant reading is “level 
The 


adjustment of the evlinder is judged by means of 


porcelain evlinder is also set vertical. radial 


until it comes in 
An 


mark on this block can be read through a tel scope 


a block that slides alone au Wal 


contact with a wire on the evlindes index 


with a micrometer evepiece, and adjustments are 


made until the reading changes by a minimum 
amount as the evlinder is rotated 
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(b) Diameter Measurements 
\fter the primary of the mutual inductor is 
ounted and alined properly in the comparator, 
s diameter is measured with the apparatus shown 
\ large steel “horseshoe”, 7/7, made of 


plate is mounted in a horizontal 


heure 9 
mm armor 
osition The two ends of the horseshoe ar 
shed with well-alined ways, WY, on which are 
ing the brass blocks, B. To these brass blocks, by 
ans of thin rectangular strips of spring steel, p, 

attached contact plates By sliding the 
ass blocks toward the porcelain evlindet the 
mritact plates can be brought into contact with 
wires of the primary, as shown. These contact 
ates carry fiducial marks, which can be observed 
\ set of fixed fiducial 
arks are on inserts, 7, of polished steel set 50 em 


lhis 


rests upon the smooth top surtace of 


rough thr telescopes, gh 


part in a second horseshoe, made of invat 
rseshwor R 
first, // 


tween allow 


at three places, and thin rubber pads 
ndependent thermal expansion ol 


Iwo horse sho ~ 


The procedure for making a diameter measure 
nt is to slide the blocks, 4. by means of hand 
perated screws until the plates P. come in con 


with the wire of the imduetor As soon as the 
tacts are made the contact plate s will stop bout 


blo ks to 


steel flexure plates will allow the 


tinue to move, thus increasing the pressure on 

contacts, but maintaining the alinement of the 
mitaect plates \s soon as the required pressure Is 
tamed, the 
ushing small eleetric hehts at which pout thre 


breaket potnts I separate, extin- 
erator stops the motion of the blocks 
With the plat sin contact with the wires of the 
lix, telescopes are sighted at the contact plates, 
d the cross-hairs of the micrometer evepreces are 
ton the fiducial lines. The two telescopes, a 
mounted on a horizontal 5-em steel bar, and yy 
eans of the handle, A, they can be turned simul- 
neously After 
ial lines the bar is rotated slightly, 


the telescopes are set on the 
tilting the 
escopes, in order to bring the fixed reference 
irks on J and J into view. The micrometer eve- 
ees are then used to determine the difference in 
sitions of the fixed and movable lines. 
Figure 10 shows some of the details on the left 
of the diameter-measuring micrometer. The 
ers identifving various parts correspond with 
se used in figure 9, with the exception of S, 
ich is one of the hand-operated serews men- 


ned previously 
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It s realized that rotation of the bar enreving 


the te lescopes will chang thei alin ment beenuss 


of the flexing of the bar Henee at the end of a 
series of measurements, the evlinder and the mov- 


\ linne siandard 


thr contact plate ~ 


able contact plates are removed 
Is then places dat the level wher 
have been, and a transfer is made from the fixed 
reference lines to the lines on the calibrated meter 
bar. The two transfers climinate the effeet of the 


change of alinement of the tele scopes and are the 


equivalent of a direct substitution of the standare 


meter bat 

After a series of measurements has been made on 
the evlinder, the two contact plates are brought to 
bear upon a calibrated gage wire on one side of the 
horseshoe, and a similar procedure is followed in 
measuring the distance between fiducial limes. As 
the diameter of the gage wire is accurately known 
these readings give the amount that has to be 
subtracted from the measured distance between 
reference lines on the contact blocks 


invar with a 


The contact plates Po are made o 
polished face on which are ruled the fiducial lines 
These lines were ruled to mateh those of the stand 
ard meter bat by (. G. Peters of this Bureau. On 
one of the contact plates the surface that comes in 
contact with the wires of the inductor is slightly 


rounded with its axis paralle! to the axis of the 
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inductor, Whereas on the other this surface is plane. 

Before making a diameter measurement, the 
horseshoe is moved toward the evlinder until the 
indicating that the 


readings are a maximum, 


apparatus is set ona diameter. As the winding on 
the evlindet is a helix, the horseshoe is tilted until 
one contact surface is set lower than the other so 
This 


increases the apparent diameter of the 


that both center on wires of the helix. 
slightly 
helix, but un correction therefor Is readily caleu- 
lated 

The telescopes used for the measurements are of 
the auto-collimator IV pe, and the micrometer 
evepleces are the Craeneva Society's type OLSIL. 
Divisions on the seales of the micrometers cor- 
respond to about a half micron in the fields of view 
of the telescopes These seales were calibrated 
ageninst tenth-millimeter graduations on the stand- 
urd meter bar Settings of the micrometer on 
lines of the meter bar or on fiducial marks usually 
can be repeated to one or two divisions on the 
micrometer seale, that is, to about a micron. Asa 
large number of readings were made, this is con 
sidered to be sutlie ently aecurate for a determina- 
tion of the average diameter of the primary to 
better than | part ina million 

Measurements of the diameter of the primary 
coil have consisted of a series of over 1,200 
measurements, each turn of the helix being meas- 


At lenst 


once every five turns a transfer was made from the 


ured on three equally spaced diameters 
contact blocks lo the fixed lines on the mival 


horseshoe The nil inh the root where the 


measurements were made was kept in cireula- 
tion by means of a large fan, and its temperature 
Wis thermostatically controlled at 23 *t I re- 
quent Measurements of the temperature of the 
pores lain evlindet and of the stee! horseshoe were 
ride by means of attached thermocouples 
These measurements were made by an observer in 
another room, who also recorded other data as they 
were transmitted by interphone 

Although only one observer remained ino the 
room during the measurements, and the air was 
thermostatically controlled, the heat) from the 
observer's bal eradually raised the temperature 
of the comparator and of the porcelain evlinder 
Fortunately the temperature changes were small 
and ata fairly uniform rate. After a period of 3 or 
} hr, it would be hecessary to stop measurements 
and allow the temperature to fall An effort was 
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made to start not more than 0.1° C below 23 


and to take observations until the temperature ro 


to an equal amount above 23° 


in order to avo 
ealculated corrections for temperature, as 23° C 
the temperature to which all measurements a 
referred 

Measurements made in the manner outlins 
above give diameters to the outside surface of t] 
wire. To obtain the diameter of the helix it 
necessary to subtract the average wire diamet 
The diameter of samples of the wire taken fro 
the start, center, and finish of the primary windit 
was measured by means of an accurate micron 
eter caliper and found to be 1.6983 mm at 23° ¢ 
The diameter at the beginning and at the e1 
were the same to +0.0002 mm, as was expect 
from the method of drawing. Using this val 
of the wire diameter, a preliminary value fort 
diameter of the primary helix to the center of | 
Wires Was obtained. From this diameter and t! 
mass, number of turns and density of the wi 
a more reliable value for the mean diameter 
the wire on the primary winding was obtains 


were determined by t! 


The mass and density 


Metrology 


tions of density were for wire in the unstress: 


Division, although their determin 
The wire on the evlinder was wou 
30 lb 


strain curve of a sample of the wire, the percenta 


condition. 
under a tension of about Krom the stres 
clongation caused by this tension was calculate: 
Assuming a Poisson's ratio of 0.3, the percenta 
change in diameter was calculated, and from tl 
change in length and in cross seetion, the chan 
This gave a dens 
at 23° © 


the measured value of S.925 rem for the 


in density was determined 

when stressed of 8.022 ¢ em us agai 
stressed wire. From the mass, density, and len 
the mean diameter, 2r, of the wire of the li 


was calculated to be 


27 1.69S6 mm 
at 23° G. 

\ complete series of diameter measuremy 
was made in) December 1947, and repeated 
June 1948, with minor changes in the measut 
Krom the December 1947, 


equipment obse! 


tions a value of 40.72740 em was obtained 
the mean horizontal diameter of the helix to 
From the June 1948. ob 


value of 40.72754 em was obtain 


centers of the wire 
Vations a 
Data obtained from the latter observations w 
used in preparing figure 11 The curves lab 
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O°, 120°, and 240° show diameter variations in 
microns along three pairs of elements 120 apart, 
Whereas the curve on the right is the mean of the 
other three The curves are plotted with respect 
to the mean diameter of the 543 turns that 
constitute the active portion of the primary 
winding; the mean diameter values given above 
also pertain to these turns Kor the long 159- 
turn sections of the primary, each plotted point 
is the mean of three turns, whereas for the short 
25-turn middle section, each point represents the 
mean of five turns In table 1, mean diametet 
deviations in microns with respect to the grand 
hewn are shown lor each ol the three sections 
of the coil in each of the three planes The 
mean given at the foot of each column is obtained 
by weighting the figures for each section according 


to the number of turns involved 


ALE | D 


Giving equal weight to the December 1947 and 
June 1948 observations, the mean radius of the 
> 


primary helix at 23.0° CC, measured to the cen- 


ter of the wire, was 
a, - 20.36373 cm, 


as of the mean date March 1948. The apparent 
uncertainty in dy is approximately 0.4 gu, or 2 
ppm, and this in turn ts equivalent to about 4 ppm 


in terms of inductance 
(c) Pitch Measurement: 


The porcelain cylinder was wound with 1.7-mm 
copper wire, and as the winding pitch is 2 mm, 
the clearance between wires is 0.3) mm. To 
measure the pitch, measurements were made from 
centers ol the clearance between wires, instead of 
being made between lines drawn on the wires or 
from the estimated centers of the wires 

To locate the centers between wires, two 4-mm 
steel rods were ground to a point by using a taper 
of about 37.5 When mounted radially and 
pressed lightly between two wires, the centers of 


these sharpened rods or “pins,” line up with the 
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centers of the spaces between the wires. About 
centimeter back from the points the pins wer 
vround half way through to give flat surfaces a 


the axes These surfaces were polished un 


marked with fiducial lines that were made approxi- 


mately parallel to the axes of the pins. 

In order to use this method of measuring pitch 
it is necessary to make sure that the pins are lined 
up with the radii of the porcelain evlinder unless 
this alinement is the same for all measurements 
To obtain this result the contact pins are attached 
to frameworks that move back and forth in. th 
direction of a radius of the evlinder on Ways that 
are supported by a heavy vertical rod 

The construction of one of the frameworks tha 


is used in carrying the contact pin is show! 





schematically in figure 12. The pin, 2, is at 
i poeeee: BD raecee, 
a 
\ p 4 
{ 
\ { 














4 he > 
‘ 
b 
{ 
\ 
Wang Tt 
; 
; 
Figure 12 Su) } } 


tached lo a rectangular brass prece about » ml 
thick, part of which has been removed to decreas: 
the weight. This rectangular piece is attached to 
the remainder of the framework by means of two 
thin rectangular strips of spring steel p, p. These 
strips are about 2 by 4 em and 0.07 mm thiel 
(s the steel pin is pushed between two wires of thi 
evlinder, the steel “flexure plates” bend and allow 
the pot to set itself in the center of the blan 
space between two wires. This motion take 
place in such a way that the fiducial line n.oves up 
or down, keeping the line always parallel to 
original direction. To prevent damage to th 
wires, this part of the framework is attached to it 
base by means of a second set of flexure plat 
p’p’, set at right angles to the first pair, as show! 
These plates can also bend without changing th 
direction of the fiducial line. The base carryin 
this framework is moved along the ways by mea! 
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of a coarse screw until the plates p’p’ bend and the 


contact at 4 opens The two parts of this con- 
act are electrically insulated and connected into a 
The 
tension in the coiled spring that is shown keeps 
closed If the 


motion in the ways is stopped as soon as the lamp 


circuit with a small lamp and a battery 


he contact normally forward 


oes off, showing that j has been opened, practi- 
cally the same force ts applied each time to the 


Vires of the inductor This force Is kept low so 


that no permanent deformation of the wires is 


rroduced The location of the fiducial line does 


ot change with reasonable changes of the force, 


ind a setting can be made quickly and with litth 
-on the part of an observer. 


13 shows how the framework of figure 12 


Figure 





s mounted on a base that can be moved along 


L ride Ways it the block, Bb by means of a hand 


operated Screw S By means of the serews, 


V’S’, the whole assembly can be clamped rigidly 


at any desired height on a heavy vertical siecel 


hast 


To measure the distance between two fiducial 


lihes, two telescopes are mounted on a vertical 
shaft and focused on the lines. These tele- 
scopes have Inicrometer evepleces, the lines of 


which are set on the images of the fiducial lines 
The shaft carrving the telescopes is then rotated to 
bring into view lines on a calibrated meter bat 
The changes in the readings of the micrometer eve- 
pieces when reset to images of lines on the meter 
measurement of the distance between 
After al set 
rameworks carrying the contact pins are imnter- 
This 


nterchange eliminates any error from the fiducial 


bar Give a 


ontact pins of such readings the 


hanged, and the readings are repeated, 
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lines’ not being exactly on the axes of the contact 
pins or from their inexact alinement. From. the 
average of the two sets of measurements, data are 
obtained for calculating the average pitch of the 
winding in the section between the contact pins, 
Figure 14 is a closeup view of the complete 
pitch-measuring equipment, with the calibrated 
meter bar at \/ 


only 


The telescopes shown were used 


in preliminary work. They were later re 


placed with more rigid assemblies firmly held in 


erooves mn still castings attached to the tele 


scope Thiast 





The measurement of the 


pitch of the primary 
winding was carried out in two steps. An average 
pitch was first determined by measurements of 
the distance between turns ina group near one end 
and corresponding turns in a group near the other 
end, Using this average pitch, the locations of 
the intermediate turns were computed, assuming 
the piteh to be uniform. Measurements were 
then made to determine the deviations in location 
of these intermediate turns from their computed 
positions. These small deviations in axial loca 
tion of turns are emploved later in calculating a 
correction to the value of mutual inductance due to 
pitch irregularities. At this point it should perhaps 


be emphasized that the accurately lapped groove 
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in which the wire is wound is one continuous 
helix throughout the length of the evlinder, and 
that therefore the distance, between any two 
Wires or grooves In any section of the winding 
along a given element of the evlinder is an integral 
number times the pitch The nominal value of 
this distance, s,, is 0.2” em, where nv is the number 


of turns in the interval 


More accurately expressed 


The two steps involved in- the pitch heasure- 
ments, therefor are the determination of the 
average pitch p and the evaluation of the cor- 


rections, ¢, Which are a measure of the axial mis- 


location of turns 
For determination of the average piteh the 


contact pins were set to measure an interval of 


70 em 50 turns Starting with one pin at the 
top end of the primary Winding a series of read- 
nes was taken as the evi ner was raised Read- 
nes were taken everv one-third turn until the 


lower end of the winding was raised to the posi- 
tion ol the bottom pin Th Ss onve readings from 
thy top 50 to the bottom 50 turns, and the aver- 
age of the 150 determinations gave the length 
for 350 turn The average pitch as above de- 
fined’ was measured three times during the spring 


of 1948 with the following results 


14S 50 

( 
bebrugr  PQAQG9RS 
Apr Paggag 
Nia PoVaas1g 


I om these data thre average value of yp, at 23.0 


(was taken to be 


Pp, 0. 1999938 em, 


as of Mareh 1948S The apparent uncertainty in 
py Was about 1 ppm, and the corresponding un- 
certainty in mutual inductanee Is likewtse about 
L ppm. This value of po will be used later in the 
calculation of mutual inductance 

The evaluation of the corrections associated 
with pitch imperfections was somewhat compli- 
cated by the lack of a perfect turn to Which to 


refer the others Instead ol using one turn, o1 
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the groove between two adjacent Lurns, as ; 
reference, it was decided to refer all pitch neias- 
urements to the central 10 turns of the groove 
symmetrically located with respect to the plane 
r—0. Preliminary measurements between thes 
and other ¢roups located at various distances 
from the central plane showed that the pitel 
correction would be less than 5 ppm. Thesi 
preliminary measurements were made considet 
ing each of the long top and bottom sections of 
the primary winding to be divided into eigh 


groups of 20 turns each, as indicated in figure 1/ 


CM 
38 
L 


30 








In each of these 16 sections the space betwe 


the middle 10 turns of wire formed the groo 
that was referred to the central LO-turn groo\ 


The nominal distance between the center of 1 
central reference group and the center of vroup > 
for example, was 38 em. The pins of the pit 


measuring apparatus were set with this nomu 
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pacing and the evlinder adjusted in height until 


he bottom pin coincided with the top of the 


entral 10-turn groove. The interval, s, was then 
wasured six times per revolution as the eylinder 
as raised 10 turns, thus giving 60 measurements 
the distance, s, the average of which was con- 
sidered to define the mean location of all the turns 

group S&S. From similar measurements made 
ipon the remaining 15 groups, data were obtained 
hat enabled the pitch correction to be calculated 
The method outlined above could not be carried 
high 10-cm 


listance Oto Land Oto 1’ could not be measured 


mit with accuracy, because the 
distance between the measuring 

The 
half as 


Wis found 1oO be better suited 


lirectly, as the 


ins could not be reduced below 15 em 


wethod described below, involving only 
many observations 


ool needs 


Since the pile h corrections are small, and since 
high degree of svmmetry exists in the primary 
vinding, it is sufficient to measure the average 


distance between svmmetrically located groups, 
such as Sand 8’, instead of between each group and 
he central group. If, for example, the spacing 
ol groups S to S’ were 5 uw too high, the total correc- 
on due to the axial mislocation of groups 8 and 
same no matter how the 5-u 


Accord- 


ngly, the final pitch measurements were made by 


‘ would be thr 
error Was apportioned between them 


determining the average distance, s, between the 
vht pairs of symmetrically located groups of 20 
ins In this series of observations the distance, 
Was measured three times per revolution as thi 
lowered 20> turns, thus 


vliinder was raised or 


ving 60 determinations distributed over the 


vhole 20> turns The general procedure Was as 
ollows: the measuring pins were spaced 76 em 
part and the evlinder height adjusted until the 
ins were Opposite the top ends of the vrooves in 
ections S and S’ The evlinder was then raised 
1) turns, the distance s being measured at the 


The 


reversed in Position at the 


equired settings blocks supporting the 


easuring pins wert 
ompletion of each odd-numbered turn, and read- 
vs on the invar line standard were taken periodi- 
lly. The spacing of the measuring pins was 
hen reduced to 68 em and the pills so located 
heat they were Opposite the bottom ends of the 
The evlindet Wis 


ooves in sections 7 and ri 


en lowered 20 turns, while measuring s and 


versing the blocks in the established mannet 
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This procedure was continued until s had been 
determined for all eight The results 
are presented in table 2.) Here nv is the number of 


intervals. 


turns in the interval; s, is the nominal spacing 


») 


of the groups and equals 0.2”; so is the spacing 


as calculated from the mean pitch, and equals 
NPo; s is the average of 60 measurements of s 
for each interval; ¢€ equals s x. The quantities ¢ 
will be used for calculating the pitch correction 


in a later section of this paper 


TABLI 4 Pitch-variation data 


It will be noted that the quantities ¢ have been 
determined by taking the difference between two 
large quantities and are therefore apparently 


subject) to appreciable error. However, the « 
Values need be known only approximately, Ihleis 
much as they will be used later to calculate a cor- 
rection that is small. Otherwise expressed, the 
care with which temperatures need be controlled 
when measuring s is neither more nor less than that 
The 
lengths given in table 2 pertain to a temperature 


of 23.0°C' 


required in making any pitch measurement 


It ris be remarked that the last-deseribed 
and sufficient 


The 


from observations 


measurements are the nee SSary 


observations as far as pitch is concerned 
uverage pitch determined 
over the 70-cm interval need not necessarily be 
measured, Inasmuch as iin arbitrary value Tha 
calculated with re- 


Alterna 


taken as the mean of eight 


be assumed and deviations é 
ference to the s, levels so established 
tively, p could be 


pitch values obtained from table 2) by 


dividing 
each value of & by the corresponding number of 
turns, 7 The average pitch as determined from 
observations over the 70-em interval is of som 
historical interest, however, because this interval 
1948S. Th 


When 


Was measured in 1938S and again in 
observations involved can be made in a day 


the equipment has been set up, and the results 
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furnish information regarding the change in over- 


all le neth ovel long periods ot time 


(d) Straightness Measurements 


The formulas available for caleulating mutual 
inductance are usually based upon the assumption 
that all turns are coaxial. Chester Snow, of this 
Bureau has provided il formula that will be eil- 
ploved ina later section of this paper to calculate 
the correction for sidewise displacement, or ec 
centricityv, of turns in the inductor In order to 
apply this formula, some rough measurements 
were made to determine the straightness of the 
primary winding \ special measuring pin, illus 


trated in figure 16, was made and mounted in one 


te SUSPENDED WIRE 


FP» | {Tt +] F ——. 





— 


ELEVATION 





of the piteh-measuring blocks This pin Was 
used to measure the distance from the surface of 
the winding to a fine wire suspended vertically in 
the slot in the measuring pin One of the tele- 
scopes used for the pitch measurements was em 
ploved to observe the distance between the center 
of the suspended wire and a fiducial line ruled on 
thi polished surface, 1, of the pin The location 
of the fidueial line amd the proportions of the 
apparatus were such that the wire and the fidueial 
line focused simultaneously in the field of view 
ol thre telescope Obs rvations were made nlong 
a given element of the evlinder hy setting the 
menusuring pin and telescope at various v-distances 
The evlinder was left) stationary The observa- 
tions furnished data from which the displacement 
of turns in the top und bottom portions of the 
evlinder could be caleulated with respect to the 
central 25 turns of the primary winding Krom 
observations made along four elements ino two 
planes at right angles, it was concluded that no 
portion of the top und bottom sections of the 


primary Was off-center by more than 10 u with 
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respect to the axis of the central 25 turns of the 


primary In these measurements no attempt was 
made to work closer than about +5 uw. Som 
slight difficult, was experienced at first before the 
proper technique was evolved for obtaining i 


suspended fine wire with the requisite straightness 


2. Measurements of the Secondary 


The multilaver secondary coil was mounted in a 
glass channel with transparent sides in order that 
the diameters of the lavers could be determined 
after the winding was completed. This eliminated 
the uncertainty as to the amount the inner lavers 
were compressed by the outside lavers, which 
would arise if the diameter had been determined 
for each layer as it was wound 

For determinations of the diameters of | the 
lavers, use was made of a special comparator 
This comparator was set to measure diameters 
and readings were made to 0.01 mm on each laver 
The diameters were determined at four equally 
spaced positions around the coil. The coil was 
then inverted and the corresponding readings 
taken for the turns at the other end of each 
lave 

Four measurements from each face of the 
secondary uve eight values that were averages 
to obtain the diameter of a lavet The complet 
set of measurements was made by two separate 
observers, and no difference ino mean diametet 
obtained by the two observers exceeded 0.05 mm 
The dimensions were determined at 23° C., whiel 
is the tetnperature at Which the inductor ts pre 
ferably used 

The values of the average radi of the 24 com 
plete lavers and of the partial twenty-fifth laver 
are given in table 3. In this table are also giver 
the radi that would have been obtained if th 
lavers had been iniformily spaced between thr 
first and last This shows how the inner lave 
were displaced because of compression, and the 
column marked “Compression” shows the erro! 
in dimensions that woull have resulted if the 
inner and outer radit had been determined ana thi 
other radii had been caleulated on the USSUM Pol 


] 


of uniform spacing. The mean radius, slp, t 


the center of the secondary channel is taken as th 


mean rudtus of lavers land 24 Therefore, a 


temperature of 23° C 


A, 26.348 em. 
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V. Calculation of Mutual Inductance 


1. The Idealized Inductor 
(a) General Considerations 


Phe computation ol mutual inductance is up- 
ached by first considering the idealized inductor 
presented by figure 17. The baste dimensions 
en MN this fig ine have been assembled from 


tion LV of this 


ries of clime nsional measurements 


DApel and pertain to the 1948 
The second- 
vis taken as a circle of radius sly located at the 
channel The 
luctance between a helix of axial length » and 


coaNnial eciIrel love ated in the plane ot one end ol 


nter of the secondary mutual 


helix is given by the well-known Jones formula 


s!, which ts here expressed in the form 


this equation, .V, is the number of primary 


rns in the axial distance w, and K, E. and IL are 
compl te ell pute integrals of the first, second 
d third kind, respectively, to the modulus 4 
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and parameter ¢. where 


The mutual inductance \/ of the idealized 


Inductor is given by the ¢ \pression 


M,=2(.M,—M,4+-M), 7 


where \/ \/ and M are obtained from «ed 


by using for « the corresponding Values of 


ana and the factor 2 accounts for the other 


half of the primary, which is svmmetrically located 


with respect to the plarrne j ) 
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During the early portion of this investigation 
the methods of L. \ 


sively for evaluating the elliptic integrals involved 


King [9] were used exten- 


inh thre 
the re 


Shortly before the war 
Bartky [10] on the 
i veneralized complete 


above equations 
type ared an article by 
numerical calculation of 
elliptic integral Bv using his methods it became 
possible to evaluate the complete elliptie integral 
of the 


functions of any 


third kind without recourse to tabulated 


kind Jurtky’s method has 


proved well suited to the machine caleulation of 


all three tvpes ol elliptic integrals involved in the 


Jones equation Inasmuch as King’s methods 


fairly well known, the material that 


il 


ee Tow 
follows will devote attention ma nly to the Bartky 
The thod although it combination ol both methods 
is favored and an illustration of this combined 
procedure will be rived 
In executing machine calculations of the type 


deseribed in} the sections to follow the work has 


habitually been carried to eight heures im ordet 
that there should be no wncertarnty exceeding one 
in the seventh place arising out of the purely 
mechanical features of computation, there being 
no implication that such accurae Vis warranted by 


the basic data 


b) Evaluation of Ellipit 


Integral 


fartkyv’s formula 23 was found to be 


unsult- 
able because of unsatisfactory convergence of the 
funetion F(R.) in the region of interest in this 
work His formula 36, however, was found to 
be quite satisfactory Emploving several obvious 
changes in notation it is written here in the form 


/ | rm COS” Oo poe sili” @ Od 


po sili” @ R’ 


where BP r cos’ }é+B" sin’ 6, and a, B, 6, e, and 


¢ are constants. By repeated application of 
Loseracte ns transformation to eq Y.using thr recur- 


renee formulas 


| 
Y oD ro 

, 

) )€ 4 

; é 
he 1+4, 
l 
é 10) 
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it is found that @ and 8 approach a common limi) 
limit 1, 


while « and < 
In the limit, thr 


a.; 6 approaches the 
approach a common limit ¢ 


is given by 


[= (2=) 1 


By a proper choice of values for the five con 


integral (eq 8 


stants appearing In eq 8, the integral J becomes 


K, E, Il, or combinations of these three ellipti 
yl—fAY and th 
hk’, b= 1h 


becomes 


integrals. For example, if k’ 
constants are so chosen that a 1, p 


el, and ¢ 1 the integral eq S 


l : l ih Sill” @ Od % 4 


which Is recognized us the complete ellipt 


integral of the first kind, K. In applying Landen 
transformation to the evaluation of eq 12) th 
numerical values of the five constants as chose: 
above become the initial values in the recurrence 
eq 10, corresponding to Oo. It will be note 
that for the K integral all terms of the e and 


scales equal unity and eq Ii becomes 


Those familiar with King’s methods will recogn 


») 


the similarity between his eq 25 and our eq 


where a, is the end term in the arithmeti 
eeometrical scale defined by the a and B seal 
which correspond to King’s a and 4 seales 

In table 4 there have been tabulated the valu 
that should be used for the five constants in ord: 
that eq S should become the integral listed in t! 
left-hand column 


TABLE 4 Values of the arbitrary constants th 
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Three examples of the application of these 
ethods to the computation of various elliptic 
tegrals will now be given. In the first example, 
esented in table 5, K, E, and I have been com- 
ited separately and directly for the case corre- 
ponding to a r, on the idealized inductor of 
cure 17 Kor each integral K, E, and IL the 
ilues of a, B, 6, «, and € are to be taken as indi- 


ted in table 4 


As stated above, these values of 
3, 6, e, and ¢ then become the initial values in the 
Their 


imerical values for a specific case are obtained 


eales (eq 10) corresponding to +0 


om the dimensions of the inductor by using eq 6 


nd the relation 


n connection with the evaluation of the K integral, 


l ! I y ( qd 
j “I 
A 
fel 
s s . 
h 
lat if ( 
A 
5 
‘ s 
. 
A 


bsolute Measurement of Resistance 





it should be noted that the 6 scale has a definite 
series of values, but in this particular case they are 
without effect on the value of K and are therefore 
not required and are not tabulated in any of the 
illustrative examples. The 6 seale is required, 
however, in connection with the evaluation of both 
the E and the Il integrals. It should be further 
noted that a and 8 are the same for all integrals 
listed in table 4, and that therefore the @ and 8 
sf ales need be evaluated only once when cal ulat 
ing K, E, and I for a given set of .4, a, and xs 
values A study of the above will reveal that the 
values assembled in table 5 are the hecessary and 
sufficient data required for calculating K, E, and I 
for the given dimensional conditions. In the 
column following the Oo st ale il has been found 
convenient to tabulate the factor 7 8, ta, which 


is required in calculating the 6 scales 


Band II fo 10) 
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. actu s " ys 
} i 


Siu hal) OOM 


sent ond ( Xample 


In the 


kK. kK E. and I—K have been caleulated for the 


illustrated in tuble (>. 


cust corresponding to 42 in figure 17 The 


constants have been chosen as indicated inh table } 


In the final example shown in table 7, a com- 


bination of the King and Bartky methods has 


been used for computing the desired integrals 
Here K has been calculated by use of the AGM 
scale, which is common to both methods; Il—K 
has been caleulated by using Bartky’s seales. To 
evaluate K—E, King’s method is followed, intro- 


clin migra scale ana # summation, PF, defined as 


follows 


y > a re) 14 
Pa > Jy, 15 
where the scale starts with . kk and is identical 


with King’s ¢ seale Krom King 


that 


’s eq 27 it follows 


K —E 16 


A review of the methods illustrated in tables 5. 
6. and ri inne ntes that there ts no vreat difference 


ABLE 8S S 
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assembled in table 8 





A-E, and I1l-k fo ASUS? ¢ 
is " ’ 
K-I " 
s SHSUTS 40 TELL 
‘ SUTIN . i" HENS 
4 ' Tht i 
‘ CL LLLLL tah ‘ ' aol 
. SS s iit 5 s 
” j s wo4 s 
TILL s . 
s 
A 
r 
SUN p 


in the amount of work required whichever met hox 


is used. The method shown in table 7 require 


one less column of computation and is somewhat 


less subject to introduction ol errors in ¢ aleulat lon 


Furthermore, in adapting the work to machin 


caleulation it Is possible to rearrange Jones’ equa- 


tion in a number of ways so that the end value 
of the various seales in table 7 are used directly 
One such convenient arrangement of Jones’ equa 
tion is 


ir, | A—a)*¢.) 


WwW here 


and other quantities are as previously defined 
(c) Calculation of .\/ 


The mutual inductance, 1. as given by eq 


may now be evaluated, inasmuch as all tl 
required elliptic integrals have been comput 
in tables 5, 6, and 7 The necessary data ar 
Using the values post: 
in the last column of this table, J, is ealeulat: 


from eq 7 with the result 


M, 49991.32 cgsm units of inductance. 
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2. The Actual Inductor 


(a) General Procedure for Correcting M 


The effective value of mutual inductance for 
he actual inductor is given in terms of 4, per- 
ining to the idealized inductor, by the expression 

VW—[215.M,(1+e AM](1+c,). 20 
The quantities within the square bracket relate 
o the secondary, while the factor in round brack- 
ts takes account of departures of the primary 
vinding from ideal conditions. The secondary 
vinding consists of 218 turns, 215 of which are 
istributed in a regular manner, 8° turns pel 
iver in 24 lavers The distribution correction, ¢ 
irises from the fact that the average contribution 
fa turn in the 215 turns group differs somewhat 
rom that of the hypothetical turn taken at the 
center of the channel for which 14, was computed 

The last three turns of the secondary are located 
n the twenty-fifth laver against one side of the 
channel and their contribution is evaluated sepa- 
ately and added as AM 


involve five terms, each of which will be 


The primary correc- 
Ons, ¢ 


liscussed im turn, 
b) Corrections in Detail 


|. Correction for Secondary Distribution The 
alue of the secondary distribution correction, ¢ 
vas determined by two methods. In both methods 
the calculations were made as if the secondary 
turns were circles instead of being turns on a multi- 
aver helix. An estimate of the error so introduced 
ave a value of less than 1 part in 10° of the total 
nductance, which is obviously negligible. 

In the first method for ecaleulating the value of 
he secondary distribution correction, ¢, was split 
nto a component, ¢,,, due to radial distribution 
. due to axial spread of the 
_ all of 


he turns in each laver were considered to act as if 


ind a component, ¢ 
vinding. In evaluating the component « 
oncentrated as circles at the middle of each laver 
ithe plane «— 0. The mutual inductance between 
he primary and coaxial cireles in the plane v— 0 
as calculated for 13 values of “1 between the 
mits 24.8 and 27.7 em. The calculated values of 


{f were plotted against A on a large sheet of 


ordinate paper, as illustrated on a small scale by 


ure IS. This figure shows that 0.70.4 is zero 
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higtre IS 


id ! j or j 7) ! 


for two values of «i, which is the feature sought 
by modification of the Campbell design The 
approximate locations of the various secondary 
lavers are indicated along the top edge of the 
figure. Inasmuch as 8° turns were considered 
to be concentrated at the center of each laver, the 
total inductance under this assumption is S?*s, 
times the sum of 24 values of V7 taken from the 
curve at values of “1 corresponding to the radi of 
each secondary laver from 1 to 24, inclusive. The 
values of secondary radii are listed in table 3. The 
summed in this manner ts 


total inductance 


10,747,241 egsm units of inductance. From the 
curve, the value of AZ corresponding to one turn 
of radius slp is 49,991.31; 215 turns concentrated 
at this radius would produce a total of 10,748,182 
10,747,241 10,748,152 
the value of « This 
correction Will later be applied to the basic value 
of VM, given in eq 19 
plained at this point that the curve of figure 1S 


From the relation 1l-e 


was found to be 83.0 ppm 


It should perhaps be ex- 


was originally calculated in 1938S from dimensional 
data slightly different from those given in figure 17 
The curve has been brought up to date by means 


of caleulated = inerements taking cognizance of 


dimensional changes; reliance is placed primarily 


upon the value of AZ) as currently caleulated 
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directly from 1948 dimensions rather than upon 
VJ, as taken from the curve, although the agree- 
ment between the two values is satisfactory. 

The value of the correction was determined 
from experimental data. To test the effect of the 
axial distribution of the turns, two flat “pancake” 
coils of 24 turns each were wound with inner and 
outer radu of 25.1 and 27.6 em, respectively. 
These two coils were mounted around the primary 
Wn place of the secondary, and the mutual induet- 
ance between the two flat coils, in series opposition, 
and the primary winding was determined. This 
was measured with the same circuit as for the 
absolute measurements, but instead of the l-ohm 
standard resistor a low range adjustable resistor 
was used. This resistor was adjustable in steps of 
0.01 microhm, and a series of balances was made 
with one paneake coil mounted 10 mm above the 
central plane of the primary as the second coil was 


aised from about 6 mm below the central plane 


This passed through the region normally occupied 
by thre secondary ana rive ® measure of the 
change in mutual inductance as the 24 turns were 
moved in either direction from the central plane 
The change in resistance required to balance the 
eireuit plotted against the anial position of the 
movable coil as measured from the fixed is shown 


in figure 19. The lowest part of the curve corre- 
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sponds to the position ol the central plane of the 
secondary ( hare s in ordinate when multiplied 


by 1.000 and divided by 47 see eq »o) give the 


change in inductance for one circle in each of the 
24 lavers as the vroup moves in either direction 


from the central plane 


The effect of the axial distribution of the 
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secondary on the mutual inductance was calculated 
as follows. The secondary was considered to con- 
sist of 24 circles in the central plane, 24 circles 0.9 
mm on each side of the central plane, and also 24 
circles at 1.8, 2.7, and 3.6 mm each side of this 
plane. From the curve, figure 19, were determined 
increases in PR at 0.9, 1.8 mm, ete., each side of 
the minimum. These changes in R when multiplied 
by 1000/4n gave the inductance increments for the 
several groups at their respective distances from 
the central plane. The sum of these inductance: 
increments Was 77 cgsm units of inductance. Wher 
expressed in proportional parts of 215 1/4, this gave 
the result e., 7.2 ppm Combining the radia 
and axial components of the secondary distribution 
83.0+-7.2 io. ppm 


correction, €. 
In calculating the secondary distribution cor 
rection by the second method, use was made of 
formula derived by Chester Snow of this Bureau 
In terms of his formula the distribution corre 
tion can be calculated from eq 21 This is not a 
general expression but an approximation which 
applies only to the particular inductor, as certai 
terms have been neglected because of the flu 
distribution around the secondary, and other 
have been neglected because they involve tl 
sixth or higher power of the small quantities 6.1 « 
cul Ineq 21, \Wisa function of # and “A, and 
the mutual inductance between the primary ane 
a circle located within the bounds of the secondary 
channel! All other quantities are as previously 
defined. The chief labor involved in caleulatin 
ce, by this formula arises in connection with th 
evaluation of the various partial derivatives i 
volved: these are to be determined at the po 
! Ou A 
9) 29 


by means of eq 22 to 28, inclusive. Ineq 22 


These det ivatives may be evaluate ( 


is the nominal pitch of the primary helix an 
)(k) is obtained from Nagaoka and Sakurat’s [1 
tables, where it is tabulated against 4° under tl 
heading (yAaq2)F. The nature of the functio 


nit 


Fa appearing in eq 25 need not be entered u 
here: its value is to be computed from eq 24 
The funetion }) (4) is obtained from Nagaoka 
tables, where it is tabulated against 4? under tl 
heading VW y.la. The nature of the function G 

appearing in eq 25 need not be discussed: it 

evaluated by means of eq 26, wherein ) A) an 
y,’’(k) are to be evaluated by use of eq 27 and 2s 
In table 9 the data required to ealeulate e, has 


been compiled, 
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By earrving out the neeessarv calculations 


vas found that 


YM — oll a oll 
Or"0.1 


Vhen these 


sult was 


values were emploved in eq 21 thi 


| | 


\/ $120—0.0040-+- 0.2246 / 2 209 
sing the value of \l given in eg LQ. ¢ 78.0 
pm. This value differs by only 2.2 ppm from 


if Value obtained by the first method It Is, 
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4) 
howeve considered to be somewhat less reliabl 


than thre hours obtammed by the first method by 


cause the turns were here assumed to be uniformly 


} ] 
distributed ovel he secondary channel, whereas 


method, the measured diameter of 
each aver Was Used In the caleulations The 
glue that will be ised for « s therefore that 
method 

2. Lnerement Ve Due to Three Off-Cent 


/ ii X Kg mtionh dD 


thre mutual Inductance rives the moutual tia 


obtamed hy thr first 
! | 
wh ch is used i cal Liatin 


anee between a helix and a coaxial circle located 
in the pleanne of one end of the helix Kor second- 
ary turns on. the prlarnne J 0 the inductance is 
calculated for the part of the primary [ving on on 
side of the plane and the result is doubled to tak 
into account the other hall for secondary turns 
not on the plane 0 the two ends of the primary 
are not equal and their contributions must be 
calculated separately and added. This calculation 


has been made for the three off-center turns in the 
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twenty-fifth laver, and it was found that thet 
inductance totaled 4.74 cgesm units of inductance 


more than would have been obtained with three 


turns on the central plane 


It is assumed that the difference between the 
inductance of the off-center turns and three turns 
on the central plane will remain constant with 
time, although the inductance of turns on the 
central plane may change slowly with changes in 
primary dimensions. From the large scale plot 
of figure 1S the value of 49979.75 is found for 
V/ The total contribution of the three extra 
turns is” therefore AM 3(49979.75 1.74 


149,944 cesm units of inductance 


§ Correction for Primary-Current Distribution 
In the sections to follow, dealing with corrections 
arising out of imperfections in the primary wind- 
ing, it will be considered that all 21S secondary 
turns act as if concentrated on the cirele l= vA, at 
r=—0, i. e.. M=218 M The error in AJ due to 
this assumption is entirely negligible in its effect 
upon the magnitude of small primary corrections 
computed on this basis 

In the resistance-measurement method described 
is this paper the effective value of the mutual in- 
ductance needs to be known at that moment in 
each evele when the secondary connections are 
reversed. During this portion of the cycle the 
current in the primary of the inductor is extremely 
constant; for the present, only the steady-state 
current distribution over the cross section of the 
primary wire is of concern. This current distribu- 
tion may be considered under three headings: 
a) uniform distribution, (b) the so-called “natu- 
ral’? distribution, in which current distribution is 
determined solely by the variation in length of 
the various filaments in the conductor, (c¢) a closer 
approximation to the actual current distribution 
in Which the variation in resistivity over the cross 
section of the wire, as well as variations in path 
length, is taken into account Stresses introduced 
in the wire during winding change the resistivity 
of the conductor by almost | percent over its 
cross section, and as a conseq lence the current 
distribution is influenced appreciably. It will 
first be shown how the magnitude of the current 
distribution correction is determined for case (e), 
after which the results for cases (a) and (b) may 
readily be determined as special cases for com- 


parative purposes, 
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The problem is approached by dividing the 
cross section of the primary wire into an odd num 
ber of elements of equal area qo, q), qe - Gn 
constructed by drawing chords parallel to the axis 
of the winding as indicated in figure 20. Nin 
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707 474 305 50 - 0 + i50 305 474 707 
4a, MICRONS 

Figure 20. Cross section of primary wire divided into 4 

elements ot equal area, fo ise n catceulation of prin 


ent-distribution correction 


elements are sufficient for the present purpos 
The distance in microns from the center of tl 
wire to the center of each clement of aurea is show 
on the figure. The next step is to determine t 
contribution to the total flux linkages made by t] 
current ¢, flowing in the elemental area g,, t) 
center of which has a mutual inductance AZ, wi 
respect to a single-turn secondary located at t! 
center of the secondary channel. This contrib 
tion is AW, and the total flux linkages are four 
by adding the contributions produced by each « 
the nine sections. The correction, ¢, for eurret 
distribution is) determined from the defini 


equation 


M.(1+¢)1—=>3 M,i,. 2 


Here JV, is the basic value of mutual inductar 


as given in eq 19; J is the total primary curr 
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nd is the sum of the unequal current elements 
The factor (1+-e¢) 


f, must be modified in order that the correct total 


is that by which 
fective flux linkages be arrived at when J is con- 
dered to be concentrated on a helical filament of 
dius a 

In order to proceed with the solution for ¢ from 
to determine how AZ and 
The 


wanner in Which A/ varies is given by a Taylor’s 


) 29, It Is mecessary 
ry over the cross section of the wire 
ries expansion of \/ as a function of Ad in the 
cinity of a Inasmuch as the higher order de- 
vatives of VJ with respect to a become cumber- 
me, it is more convenient to evaluate the desired 
vflicients im the manne! Veoand 
\J Oa are caleulated for 


he following equations 


following 


three values of @ using 


ol 2) (2M) af =) i) lan 


Ou a Ou Ou Ou zr \ 
O rN tila 4 | a 

\/ l T 4 ( 1 
Ou a, | cla) 2A \ 


In the last equation a and ¢ are the end terms in 


} 


ve scales used for computing K and Il—K, as 


lustrated in table 7 Krom the results of caleu- 


itions made by taking a equal to a)+0.05 em, 
. and a 0.05 em. it is possible lo evaluate the 
oeflicients of the Taylor's series up to and includ- 


¢ the third-order term, as follows 


VJ \V/ 1703.07( Aa 107.0( Aa 
3.0 Aa . 5 pe 


Phis equation will be applied to the present prob- 


min the more convenient form: 


Mj My, 1+-[94078( Aa 2140 (da 70(Aa,)*] 
AM, 1+ 33 


here, in both equations, Aa is in centimeters, and 


Is In parts per million. 


The manner in which varies over the cross 


ction of the wire may be arrived at by writing 
eq 4 
pl ; 


Llere ¢ Is considered to be the voltage drop ncross 
turn of the helix, p, the resistivitw of the con- 
and / 


e-turn filament of the conductor at a distance of 


ictor at area element q the length of a 
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t, + Ad, from the axis of the windine. The current 
is desired in terms of that in the central element 
of area go, and inasmuch as all of the area elements 


are equal, eq 34 may be expressed in the form 


ey _ 


mw (P)W(ita’) 


From this last equation the total current, 7, may 


be expressed iis follows 


Combining eq 33, 35, and 36, eq 20 mav now be 


written in the form 


| VW(1+A 
Wo : » & 
S70 et (Pe (T+ — (lt w)(ls 
Ol 
as 1+ 
| di ] 1 on 

( 4 

+, 

fs (| u l l 


In order to evaluate ¢c, the problem that remains 
is to determine how the resistivity varies over the 
cross section of the wire, in order that the coeffi- 
cients w, may be found. Bridgeman [12] has 
shown that in addition to any changes in dimen- 
sions, a copper wire will change in resistivity when 
He found that 


subjected to stress a pressure of 


1 kg/mm? would decrease the resistivity by 170 
ppm. In addition, it has also been shown experi- 
mentally [13] that the effects of tension and com- 
pression are the same numerically, buat Opposite 
insign, At this point it is appropriate to mention 
that after the primary wire had been wound onto 
the porcelain form in one continuous helix, and 
secured at the desired locations, two lengths of 
wire were removed from the cylinder to provide 
the blank regions on each side of the central see 
when relieved of tension, re 


tion. This wire, 


tained a radius of curvature of about 28) em 
indicating that in the process of winding portions 
of it had been stressed bevond the elastic limit 
i. @., that maximum stresses in the neighborhood 
of 20 kg mm? were involved 

Figure 21 presents stress-strain data taken by 


the Engineering Mechanics Section of this Bureau 
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on samples of the copper wire used for winding 


the primary. The ordinate 6 kg mm? represents 
the stress applied to the wire used in winding the 
evlinder when the wire was pulled through the 
final diameter-reducing die and onto the porcelain 
form. The curve begins to depart from a straight 
line at about IS ke mm? and in what follows this 
taken as the 


stress will be proportional limit of 


the wire As the wire was curved around the ev] 
nder in the winding process the initial stress was 
modified by the added tension or COMMpPression in 
the fibers either side of the neutral plane The 
location of the neutral prlearae is somewhat uncer- 
tain, but in view of the manner in which the wire 
is supported inh thre porcelain vyroove itis beheved 
that it lies close to the center of the wire, perhaps 
slightly in the direction toward the porcelain. For 
the present example the neutral plane will be con- 
sidered to pass through the center of the wire 
In this ease the strains at various distances from 
the center are Aa ay, and the dotted curve of figure 
” can be obtained from figure 21 after calculating 


strain in terms of Aad. This dotted curve repre- 
sents the stress distribution for the case of simple 
bending The effect of the drawing tension is to 


displace the curve to the position indicated by the 
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solid curve. Curve <1 of figure 23 is obtained from 
the solid curve of figure 22 by use of the following 
expression involving Bridgeman’s resistivity-stress 


coelhieient 


Ap 


) 
} 


170¢. Os 


This equation gives the change in resistivity in pro- 
portional parts of p, where pis considered to be the 
resistivity of the wire at that point in its cross 


section where the stress, o, is taken as zero, i. e., at 
the point where the solid curve of figure 22 crosses 
the horizontal axis. In figure 23 the horizontal 
branches 2B of the curve are drawn on the assump- 
tion that vielding started suddenly when the fiber 
stress reached 18 kg mm? and plastic flow pre 
vented the stress from rising above this figure 
The line ( 


portion of curve o1 By 


is obtained by extending the straight 


using the information 


contained in figure 23, it is now possible to caleu 


late the ratio of the resistivity at the center of area 
center of area clemen 


element q, to that at the 


Jo, USINe the relation 


where y is an ordinate of the curve of figure 23 
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om 5000 aaa a mo Reg aoa instance the factors and summations are as given 
Ing c in columns 8 and 9 of the table. The value of the 
. 4000F A 5 . > 
Css correction is ¢ 1.6 ppm. Lastly, for uniform 
3000+ : 4 current distribution, case (a), both wand v should 
| be set equal to zero, whence ¢ } ppm It is 
RQ E 4 : . 
, = thus evident that the value of the current-distribu- 
> tion correction depends decidedly upon the initial 
r +1000F 4 . 
ro- 2 Pa assumptions. In particular, if the current dis- 
the z ° tribution were assumed to be uniform the effective 
‘OSS . value of AZ would be in error by some 17 parts per 
: = -1000} 4 
aut million, It may be argued that the current dis- 
a < 2000 } J tribution is uncertain because of the effect of ter- 
ital . minal connections. Experience with precise re- 
np- 3000F 8 sistance measurements has indicated, however, 
bet C that in long conductors the resistance between 
4000 7s 4. 4. s = — i J 
mre © © 6 4 2@-0% 2 4 6 8 10 potential points located two or three wire diam- 
4a,mm 
ir eters away from the current connections is inde- 
ht URE 23. | esistivity over the cro tee pendent of the particular manner in which the 
/ a ‘ 
On si current is introduced, i. e., a short distance away 
cu from the current connections the current distribu- 
” \ll of the information required for calculating tion is uninfluenced by the disposition of the cur- 
= value of the current-distribution correction ¢ rent connections. It is realized that the large 
now available. This information is assembled range in the values for the correction here reported 
table 10 and pertains to the situation where the is a consequence of the large wire used in this 
39 sistivity variation over the cross section of the work. However, the method of analysis which 
re is as indicated by curve A of figure 23. Ap- has been described is applicable to wire of any size. 
ving eq 37, the result e= (9.0005737 9.000690 1 To the best of the authors’ knowledge the effect 
| 
12.9 ppm is obtained. The value of the of variation of resistivity upon current distribu- 
rection for the natural current distribution, tion, and consequently upon the effective value of 
ise (b), is obtained by setting w—0, in which M, has not previously been investigated 
| raBLe 10 Data for calculating cu nt-distributior ection 
. 4 5 
l A ] 
‘ 1+A 1+ 1 
i i i t i i 
mIlliiLio PLLLLLO LLL TTL LLL LLG PULL TLL 
4) 0. QUS58U ) QUU243S WU2034 QOOOS Lt wi4os4s 0. 4uU8244 T 
‘ 1 oo14 1 OOTS2 MMT 36 0 auge424 0. QUS532S WMMIT 4 0. QuaREsY 
WT 132 0. GOS4o-4 ws? LL! wie2u774 Sts ULL 
j WHZSTI4 OOLM OOLAUTS 0. QVONTOS WTWOT wis WUS44 
; 0. 995545 0.99 wr7TeT2 wan WHTOSS WTSON2 ‘ 
" Tiree W22NO)T WiZ82T7 0. QOO8511 , wun we2I314 » ware 
1 )» GU33504 0. GOO4ASE HSS OOUSS48 wTo22 100s WiSEN4 
wa % 07 1 OO8H62F 1. OO30199 1. OOS4719 WOTSST » oo 7 " ’ rae 
= ,Oooo8O + (wMSTST me & GUUS + eo 
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The correction has also been calculated for the 


cases pertaining to curves B and C of figure 25, 


with the results « 12.0 ppm and 13.3 ppm, 
respectively. In addition, calculations have been 
made with the cross section of the wire divided into 
19 clements of area instead of 9 as used in this dis- 
cussion; the results did not differ appreciably from 
those given above. When the primary was wound 
in 1938S it was realized that the stress in the outer 
fibers of the conductor exceeded the elastic limit, 
and that therefore the exact shape of curve AA, 
figure 25, was uncertain because of the possibility 
of cold creep ol the metal accompanied by some 
stress relief It was believed that the results using 
curves Band C represented limiting cases and that 
us time went on the correction pertaining to curve 


hs would be 
If any appre inble stress relief occurred, an 


most representative of actual condi- 
tiolis 
inerease in diimeter and a decrease in piteli would 
During the decade L988 to 1948 the 
both 


bye expected 


mean diameter and pitch increased — by 
approximately the same proportional amount, and 
there has been no definite evidence indicating that 
there has been any appreciable change inh the wire 
stresses subsequent to the 1938 dimensional meas- 
urements. The intermediate value obtained by 
use of curve A is considered to be the most probable 
value of e: the current-distribution correction. ts 
12.9 ppm 


Distortion of Primary Wir 


therefore taken as 

1. Correction for 
The phenomena associated with the drawing and 
bending of the primary Wire as it is wound onto 
the porcelain evlinder are very complicated. An 
exact solution for the distortion of the wire cannot 
be given, but the distortion is believed to be small 
aud consequently approximate methods are con- 
sidered to be adequate 

A tension of 6 kg mm? was employed when the 
wire Was drawn onto the eylinder. This stress 
produced a slight but uniform elastic reduction in 
wire diameter and also modified the density 
These effects were taken into account when the 
mean wire diameter was determined from length, 
mass, and density data. Stresses produced by 
bending do not significantly alter the mean density 
of the wire, but they change the resistivity of the 
wire and possibly distort its cross-sectional shape. 
The consequences of resistivity changes have 
been analyzed in connection with the current- 
distribution correction; the problem of distortion 


will now be considered 
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The theory of a bar bent by couples has be 
given by Saint-Venant and is dealt with by Loy 
14]. As a solution of the pertinent differenti: 
equations, the latter gives displacement equatiol 
equivalent to the following, wherein only obvious 


changes in notation have been made 
ul : rs ud uly), hy a 9 uw (4 


Here a is the radius of curvature, « is Poisson s 
ratio, and a, ¢, and w are displacements parall 


to the ov, M, and wXes, respectively The 
equations are general, and apply to a bar of at 
cross-sectional shape, provided that stresses exi 
in the axial or 2 direction only, and that they vary 
linearly with «. When these equations are applic 

to a wire that ts initially straight, and cireular 

cross section, one is led to the rather surprising 
conclusion that the section remains circular aft: 
the wire is bent However, the present problem 
complicated by the fact that the conditions stip 
lated in connection with eq 10 are not entire! 


fulfilled 


direction only ts fulfilled to good approximatio 


The condition that stresses exist in tl 


but beeause the extreme fiber bending-stress 
exceeds the elastic limit, the axial stress is not a 
linear function of «4 over the whole cross section « 
the wire Some distortion therefore occurs, and 
an attempt to estimate the upper limit of its 
magnitude and resultant effect on the value of \/ 
is made by the following approximate method. 
Reference is made to figure 24 where a right- 
hand system of coordinates corresponding wit! 
Love’s figure 10 is used. Coordinates are meas- 
ured from the center of the undistorted wir 
If the elastic limit of the wire is taken as 1S 
kg mm?*, this stress will be reached in tension 
the plane s 4100 microns, where, as before, thi 
neutral plane is considered to pass through th 
center of the undistorted wire. Material locat 
between s 400 and «c= +850 microns is 1 
stressed bevond the elastic limit and is consider 
to be perfectly elastic with Poisson's ratio equal to 
0.3, while the segment of wire between s 4000) 
and s 850 is considered to act as a perfec! \ 
plastic (incompressible) material with Poisson's 
ratio equal to 0.5. The segment was divid 
into nine smaller segments by means of equa!) 
spaced chords parallel to 0 Y. From the dimu 
tion in dimensions of each small segment 
displacement /—/’ has been calculated and fou 
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-850 
microns 


Y -400 


be O.2 micron Inasmuch as each small seg- 
t suffers a slight reduction im area the center of 
ivity of the whole cross-sectional area is shifted, 
the direction shown, by a small amount 0 to 
which has been calculated and found to be 0.1 
Inductance, 


value of mutual 


point, 2, 


ron The basic 


VJ,, was caleulated to the which was 
sumed to be the center of the wire, the distance 
f’ having been taken as one-half the mean un- 


With 


oint 2? the center of gravity is 0.1 micron further 


storted wire diameter. respect to the 


moved from the axis of the winding. The mu- 
itl inductance must therefore be increased by an 
mount corresponding to an increase in dp of 0.1 
cron Using eq 33 the value of this correction 


found to be 0.9 ppm This correction has 
n calculated for several assumed values of elas- 
limit with results not different from the above 
more than a few parts in 10°. If no portion of 

wire Was subjected to stress bevond the elastic 
iit, the 
mld be 


proximate calculation were limiting conditions; 


value of the correction for distortion 


zero. The conditions assumed in the 
actual conditions are probably intermediate 
value of the distortion correction is therefore 

enas +-0.5 ppm 

Trreqularities in Po pmary 


Piteh In 


Corrections lov 


eter and order to. correct for 


bsolute Measurement of Resistance 


irregularities in diameter and piteh Tol the pri- 
V/ with 


are requ red for coaxial circles 


mary winding the partial derivatives of 


respect tod and 


One circle of radius «1 is fixed in the plane 20 


and represents the secondary While the second 


circle of radius a, located at various axial positions, 
group of turns, in the pri- 


represents a turh, oO 


mary helix, When Maxwell's equation for the 
mutual inductance between two coaxial circles 
15) is differentiated with respect to @ and ows, the 
following expressions are obtaimed 
O\l Ana ? 2A(A—a) ..) 
K —E) + E 1] 
Ou / ( / \ 
OM tru \ ; 2Aa _) 
K — E EK: 12 
Ou / ( / \ 
where / A a ! ana / | a J 


These equations were ¢ valuated as a func tion ot u 
ior A=A ?P6.548 


figure D5 kor 


cm, aa 20.364 em, and 


plotted in values of between 0 


and 25 mm the values of K and E were caleulated 


mn F 
} 
j 
| | 
Figure 25 Partial derivative; 6M 6a and 6M ér fo 
primary and secondary circles as a function of aria 
se pa ation 
Values of 6M 6a and 6M negsm unit luctance per mn 


in terms of the complimentary modulus k’ =r,» 

using the rapidly convergent series given in eq 3 
of Rosa and Grover’s {16} tables. For values of 
and 399, K and E 
table ALT of the same publication 
ter-variations, AJ), from the data of figure 11. 
values of OA//0a from figure 25, local corrections 


between S81 were taken from 
Using diame- 


and 
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to AZ were calculated by using the relation 
AM- f,(0M da) AD, where f, is a numerical factor 
that takes the number of turns and units into 
necount The value of AM was calculated for 
53 groups of three turns in each long section of 
the primary, and for each turn of the 25-turn 
middle section 
to both the December 1947 and the June 1948 


These calculations were applied 
diameter observations. To the nearest cgsm unit 
of inductance the total correction was the Same, 
namely, 62. Expressed in proportional parts 
of 218 AM. this correction for irreeularities in 


primary diameter is + 5.7 ppm 
Paste 11. Data for caleulating pitch correction 
- VJ 
! a 
. ' ' 
‘ “ ‘ ‘ 
. 4 4 ~ 
i . 
‘ * ~ ” 1 
»s ' 


The information required for calculating the 
correction for axial mislocation of turns is sum- 
marized in table 11. The quantities s, and ¢ are 
taken from table 2. The valuesof 0.\//Or are taken 
from the curve (fig. 25) for each value of 2, where 
r=-s,/2 in millimeters. The corrections to VV are 
caleulated for each double group of 20 turns by 
using the relation A\/—/,(0\/ 0r)é, where again f, 


is a numerical factor that takes proper account of 


turns and units. The last posted AM value of 

14.9 takes cognizance of the fact that  piteh 
measurements at s,— 20 included in the group one 
turn too many, because there are 159 active turns 
ineach long sectionof the primary instead of 8 times 
20. Expressed in proportional parts of 218 My, 
the total correction for pitch variations in the two 
long sections of the primary is +3.0 ppm. 

The calculation in table 11 takes no account of 
possible variations in pitch in the central 25-turn 
section of the primary because no satisfactory 


means were available for measurements in this short 


section. However,in the range of from 0 to 25 mm, 


OM /dr is practically a linear function of «, and 
consequently it is quite easy to derive an analytical 
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expression for the integral value of A\/ over t] 
25-turn section in terms of an assumed deviatic 
in pitch. If, for example, it is assumed that tl 
pitch of the central section of the primary differs 
from the average value p, by 10 ppm, it can | 
shown that the correction would amount to 0.s 
egsm unit of inductance, which can be neglect: 
because its influence on the total pitch correcti« 
is less than 0.1 ppm. Because of the meth 
employed in lapping the continuous groove in thy 
porcelain form, it appears unlikely that pite! 
Variations exceeding 10 ppm could exist 

6. Correction for eccentricity. Chester Snow has 
provided a formula, remarkably simple in fort 
by means of which a correction for eccentricity ol 
primary turns may be calculated. Consider ty 
coaxial parallel circles. If one of the cireles is 
displaced in its own plane so that its center d 
parts a small distance, ¢, from the axis of tl 
other, the change in AJ, for small values of e¢, 


given by the equation 


eer 
AM ' Qu ’ | 


where MV (2) is Maxwell’s expression for the mutu 
inductance of coaxial circles. 

The equation for AM is independent of t! 
azimuth of the radius vector whose length is 
The exact expression for 0?\/(1)/Or? may read 
be obtained by performing the indicated differen 
ation, but for present purposes it is adequate 
differentiate graphically the O0\/J/Or curve show 
in figure 25. The results are plotted as the curs 


of figure 26. 








a ouiteeseeeeees 
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a> 
2 
x,.mm 
| IGURE 26. Second pa fial derivative &é V or, as a 


tion of arial separation x, for primary and secor 
circles 


Values of &.M//ér? in egsm units of inductance per mm?, 
From straightness measurements described it 
previous section of this paper, it was determir 
that no group of turns in the long top and bott 
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tions of the primary was off-center by more 
in 10u with respect to the mean location of the 
ntral 25 turns of the primary. If it is assumed 
it 8 groups of 20 turns each in the top section 
d 8 groups of 20 turns each in the bottom section 
the primary are all off-center by this amount, 


total change in J is 


—— §/OM 
| m”) ) > > . 
SM=—20N, 4 23155 ) 14 
here N.ois the number of secondary turns, 218, 
lv, is the axial distance to the center of each 
the S groups of primary turns. Taking the 
iired values of (OA /On from figure 26 


d making the indicated summation, the value 


AM is found to be O.0097 cesm unit of 
ietance, an amount which is entirely negligible. 
Kquation 43 That be used to evaluate the effect 
a displacement of the whole primary with 
spect to the secondary, 1. e., an estimate of the 
et of a lateral displacement of the secondary 

iv be mack It will be noted that the sign of 
\A/ will reverse when the sign of 0° Ov? reverses. 
om figure 26 it is evident that 0°17 O77 is positive 
he regions where the long top anid bottom SCC- 

ms of the primary are located, whereas O21 Or? is 
ative in the region occupied by the central 
tion of the Primary As a result, displacement 


the secondary from the coaxial POSILION Causes 


\/ to increase with respect to the central section 


the primary and to decrease with respect to the 
mainder of the primary. The two effects tend 
» compensate, rendering the inductor relatively 
nsitive to lateral displacement of the second- 

If the secondary is displaced 0.5 mm and « 


refore taken as 0.5 in eq 45, AM with respect 


the central section of the primary ts 22.0, 
reas the total AM with respect to the top and 
tom sections is 24.5, a net change of 2.2 


m units of inductance, ot 0.2 ppm when 
essed in proportional parts of the total indue- 
ce. This is in accord with experimental results. 
has been observed that a secondary displace- 
t of several tenths of a millimeter produces no 
isurable change in the balance point during 
rical measurements 
From the results of this portion of the investi- 
on it has been established that aN lack of 
vhtness in the primary is quite negligible. 
fact, the question may safely be disregarded 


ss the primary is so crooked that it is obvious 
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to the naked eve using a vood straightedge. 
Heretofore it has been assumed that no apprecia- 
ble errors were introduced due to lack of straight- 


ness in the primary of inductors of this type. 
(c) Effective Value of M 


The effective value of \/ may now be calculated 
using the corrections obtained above. The data 


required are summarized as follows 


79.8 ppm 


149,944 


( rrection for secondary distril 


\.V due to three extra turt 


Correction for primary current distribut 12.9 ppm 
Correction for primary wire distortion 0.5 ppm 
Correction for primary diameter Variatior ».7 ppm 
Corres for primary piteh variation 3.0) ppm 
Potal primary correction 3.7 ppm 


Applying eq 20, it is found that 


VJ — [215 49991.32(1 —0.0000758 


149944] 


1 —0.0000037 ) = 10.897 220. 


To the nearest 1 ppm, the effective value of AZ 
at 23.0% ¢ 


‘ as of March 1948, was therefore 


M — 10,897,220 egsm units of inductance. 


VI. Speed Control 
1. General Considerations 


The average frequency of reversal of the pri- 
mary current and of the associated switching opera- 
tions Is maintained constant within | or 2 parts 
in 10° by means of an electronic speed-control 
system. The commutators, reversing generator 
for the primary current, inductor generator for 
the secondary circuit, two special rotary switches, 
and i d-e renerator are mounted Ooh a common 
shaft, to which is belted a d-e driving motor 

The method of control is to set the driving 
motor to turn the shaft at a speed somewhat 
higher than is required, and then to reduce the 
speed by throwing a load onto the generator, 
The load is so chosen that, if applied continuously, 
the speed of shaft rotation will be too low. By 
rapidly throwing this load on and off, and properly 
proportioning the on and off periods, it is possible 
to maintain the average speed at the proper value. 
Variations in friction loads on the rotating svs- 
tem can thus be compensated by corresponding 
changes in the average load on the generator 

The speed of the shaft is synchronized by means 
1,000-c/s emf obtained from the Central 
of this Bureau. 


of a 
Radio Propagation Laboratory 
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This frequency is obtained by stepping down 
electrically from a L00,000-¢ s frequency produced 
by ervstal oscillators The 1,000-¢ s frequency 
is us constant as the higher frequeney, Which ts 
believed to be constant and equal to its nominal 


Before 


introduetion into the speed-control emeuit, this 


Value to L part in 10 million or bette: 


1.000-e 8s stenal is filtered to IM prove the wave- 
form and amplified to an effective value of 40 
To obtain svnehronization av contact on the 
rotating shaft funetions briefly four times per 
revolution. This momentarily connects the 1,000- 
evele emf to the ertd of a thvratron If, at the 
instant of application the 1.000-evele emf has a 
value above the grid potential at which the tube 
will fire, the tube becomes conducting and a load 
is thrown onto the generator, slowing down the 
rotating shaft and enusing it te drop back oon 
time when the 


phase If the contact is made at 


emf is below the firing potential of the tube. it 
remains nonconducting and the shaft) continues 
to advance in phase because of the excess Powel 
supplied by the motor Just before each applica- 


tion of the 1-000-evele emf, the plate circuit of 


the thyratron is) opened mechanically for an 
instant to restore the tube to its nonconducting 
Changes in) generator 


condition if Hecessury 


load cause the rotating shaft to “hunt” about 
that phase of the control frequency at which the 
emf equals the firing potential of the tube. This 
hunting is at the rate of 4 or 5 oscillations per 
second, but the speed of the shaft, when averaged 
over sufficiently long periods of time, is as con- 
stant as the frequeney of the controlling emf 

A system of speed control of this type is not 
inherently stable, because the torques that restore 
the drive shaft to the proper phase do not stop 
the shaft at the correct phase but throw it out of 
phase in the opposite sense. Because of time lags in 
applying and removing the torques, an oscillation 
may be started that would build up in ampli- 
tude, unless some method of damping the oscilla- 
Lions were proy deal To some degree electromag- 
netic damping occurs in the generator and driving 
motor 

In order to assure stable operation, even in the 
absence of adequate damping, the load on the 
venrerator is thrown on or off in steps Suppose 


the shaft has advanced in phase and the mereury- 
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vapor tube has tripped and a load is thrown on t! 


generator, This load provides a torque that stoy 
the advance in phase and then produces a bac! 
ward shift of the phase. The electrical circuit 
so arranged that the torque is initially large by 
quickly diminishes in’ magnitude. This meat 
that a large torque is available to stop the advan 
in phase; but a much smaller torque retards t 
phase toward the correct position, and consequent 
the “overshoot” in phase is small. The cireu 
arrangement is such that the change in torque 
applied in steps whether the shaft is being eith 
advanced or retarded in phase The variab 
torques are secured by means of an induct 
placed in the armature cireuit of the generator 
The action of the inductor mav be understo« 


by the use of the se hematic erreuit shown in fiv | 


27. In this figure, / is the battery supplying t] 
> 
- VMN III TT 
) o "3 
> 
O > 186 B. 
[228 v ov er 
| ‘ S 
7 
I 
Figure 27 I t TT miding 


driving motor and the field windings of generat: 
G, which is excited so as to give an emf across 
armature terminals of about 228 v; ?, and PR 
current-limiting resistors; and Fy is the resistar 
load connected uCTOSS the vrenerator termin 
When switeh S is closed (i. e., the thyratron 
ionized 

Discussing this equivalent circuit by the use 
Maxwell’s mesh currents for the two positions 


switch S, we obtain the following results 
(a) Switch S Opened 
For steady state conditions, J, is zero, and 


the current drawn from the generator armatu 


(7, is 8 24, or 0.35 amp. Consequently, this lo 
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0.33 298—75 w, which is, of course, being 
plied by the driving motor 
(b) Switch S Closed 
\t the nstant the switeh Sis closed the irnchune - 
netion of the inductor tends to prevent the 


However, if there is no 


rent / 


ictanee tn cireutt 


from changing 
2 the current / 
224 
total current drawn from G 
the 


from G@ in- 


uses from zero to 16S, or approximately 
amp. Then the 
ump \t 

A few hundredths of a sec- 


the 


drawn from G is reduced 


2 1 1) 33 — 1.66 this time load 


POR 1LH6 sw 


d later the direction of current / is re. 


rsed the 


ipproximately Lamp and thus the load ts reduced 


nha eurrent 


ibout +> W 


Switch S Opened 


switch S is opened / becomes 


lista 
clires tion 
As | 


is producing motor 


the magnitude on 


inductance of L 


daa chang 1 
tha 


O.50 amp ana 


/ Ss opposed ry has 
ie ol 
supplies approximately S2 w to the shaft. 


llowevet na few hundredths of a second, current 


J, reverses in direction and returns to the steady 


bed im (a 


T 
S < ” 
a C= 
—_ —_ - nd 
> © 
} 
i» i 
s 
S 
fey > < 
> = > 
= < 
4 >R 
E * 3 * i 
€ s & S 
7 < 


The nbov e calculations are based on the USSUTLpP- 


the inductance of cireuit 2 


inductor L \leasurements 


tion that is negligible 


in comparison with 


show that the inductance of crreuit 2 is not mue h 
vreater than O.1 hy whereas that of L ts about 1 
h. even with a direet current of 0.4 amp flowing 


through it 


2. Control Circuit in Detail 


The eirreurt arrangement for speed control is 
shown in figure 28. In this figure, 7 and F repre 
seut rotarv switches mounted on the shaft whose 


speed is to be « ontrolled, and V/ represents the d= 


motor that drives the shaft and supplies power in 


CACCSS of the mechanical load The shaft Is con 
nected directly to the control vrenerator, (, whi hy 
absorbs power intermittently from the rotating 
shaft 

The thvratron, 7, is a General Electric mercury 


vapor tube F. G. 57, the grid of which ts negatively 


biased yy the batterv B Four times each revolu 
tion of the shaft, the time pick-up switeh, 77, mo 
mentarily removes the biasing battery, B, and al 
lows the 1,000-¢ s control emf to be impressed on 
If the rotating mechan- 


the grid of the thyratron 





FigtrRe 28 Partial schematia 
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ieal svstem is slightly ahead of its schedule as de- 
termined by the phase of the 1,000-c¢/s emf, the 
control emf is of sufficient magnitude to trip (ion- 
ize) the thyratron. The thyratron, when ionized, 
completes the circuit: through resistance PRs, and 
this resistance load on the generator slows down 


The sw iteh, fF 


the plate emeutit through the mereuryv-Vapor tube 


the entire rotating svstem breaks 
each quarter of a revolution of the shaft for approx- 
imately O.0OL see, the time required to deionize 


the tube 


Figure 20 shows the mechanical connections of 





] wmurRE Bo Voto / ‘ 0 onstant speed shatt 


the speed control equipment In this figure, G is 
a 2-hp, 1,135-rpm, 220-v shunt wound d-e motor, 
used primarily as a generator, connected directly 
to the shaft of the reversing commutators by a 


The d-e motor, \/, is 


1,725-rpm, 230-v shunt 


stiff leather coupling disk 
| hip 


supplies the power to drive the shaft at upproxi- 


wound, and if 
mately 1.360 rpm. The mechanical loads on the 
shaft 
losses are supplied by this motor, which is belted 


are approximately 500 w. These power 
to the shaft with the propel pulley ratio The 
V7 can be controlled by 
adjustable resistors in series with Its armature and 
The fly wheel, H 


speed shaft has a moment of inertia of approxi- 


powell supplied to motor 


field windings _on the constant- 
mately one million g-em 

The speed of the shaft is such that it makes 1 
revolution in 0.044 sec. When starting, the speed 
of the shaft is manually held close to this value 
for a few seconds. ‘This is accomplished by manu- 
ally adjusting the speed of the driving motor and 
observing the speed of the shaft by means of a 


stroboscope consisting ol lines on fly wheel i and 
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a smal! neon lamp flashed by the 1,000-c's emf 
The automatic speed-control device is then con 
nected into the circuit and begins to operate 
Referring again to figure 28, it is seen that wher 
switch J? closes the circuit through battery 2B, th 
potential applied to the grid of the thyratron | 





that furnished by battery 2B. This battery wa 


so selected that for the plate voltage used wit! 
the thyratron, the grid potential is several volt 
less than the Four time 


tripping potential 


during each revolution of the shaft, the switch / 
removes the fixed biasing potential by opening 
the cireuit and allows the 1,000 es emf to by 
applied to the erid. If the shaft is ahead of sched 


ule, this erid voltage exceeds the tripping potentia 


and the tube tonizes and conduets current, thu o 
closing the circuit) through resistor -R Th 
manner in which the potential on the grid of th t 


mercury-vapor tube varies during a small fraction 
of a revolution of the shaft when it is ahead o 
schedule, is shown in the upper part of figure 30 
In this figure the grid potential, /°,, is shown to b 
less than the tripping potential until a time 7 


when the commutator opens the circuit: of the 





battery and allows the 1,000 es emf from = the 
crystal oscillator to be impressed on the grid. of 
the thyratron. For the case shown, the rotating 
mechanical system is a few hundred-thousandth 
of a second in advance of the synehronous positior 
Consequently, the control voltage exceeds the 
tripping voltage when it is impressed on the gri 
of the tube at time 7). This results in the tubs 
closing the cireuit, thereby connecting an electrica 
load to the terminals of the control reneratol 
which causes the renerator to slow down, thu 
reducing the speed of the shaft. After approx 
mately O.OL sec, the plate cireuit is opened by / 

fig. 28) thus removing the electrical load from th 
later, 1. ¢ 


venerator. Approximately 0.001 see 


after the tube has deionized, switch F' reclos 
the plate cireuit, and then switch J? opens th 
circuit of battery 72, and again allows the contre 
voltage to be impressed on the erid of the thyra 
tron. If at this time the moving mechanic: 
system is still slightly ahead in time displacemen 
the thyratron again trips and the same procedure 
repeated. However, if the mechanical system 
now slightly behind the electrical signals, 
voltage impressed on the grid circuit is less the 
the tripping voltage, as shown in the bottom pa 


of figure 30, and the thyratron remains nonce 
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30 fF ~4 
Db 
40 
TiME ——e 
re 30 la m of grid emf d nga tir qne 
p ra two different phase ang 


icting. Adjustments are made such that the 
eetrical load is on approximately one-half the 
me. This means that in operation the shaft is 
ternately ahead and behind the timing device. 
he period of oscillation is approximately 0.25 
ce, and the amplitude is some 20° or 30° of 1 
cle of the 1,000-evele emf. The top portion of 
ure 30 is idealized to the extent that the erid 


rte ntial, E,, 


ring the brief time interval 7 


may depart from the curve as shown 
when current 
wing in the grid cireuit of the tube distorts the 
ung wave This does not affect the operation 
the cireuit, however 
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After the apparatus has been in operation for a 
sufficient time for the control rheostats and the 
field windings of the motor and generator to come 
toa steady temperature, the constant-speed shaft 
Before 


using the measuring circuit, however, it is desirable 


will run for hours with little attention 


Ww here the 


to set the controls for the position 


amplitude of hunting is a minimum. Since the 
shaft makes 1 revolution every 14 ms, the speed 
of rotation is 1,000 44 rps, and this is the value of 
nto be used in eq 3.) The average value of 7 is 
1.00044 to the same accuracy as that of the 
1 ,000-cvele controlling emf, and this is believed 


to be correct to 1 or 2 parts in 10’, 


VII. The Measuring Circuit 
1. General Considerations 


As explained in connection with figure 1, a 
direct current, 7, is sent through the standard 
resistor, 2, and the primary winding of the mutual 


inductor, AZ. 
that the 


mn 
The measuring procedure requires 


current through the winding of the 


mutual inductor be reversed about 45 times a 
second without affecting the current through the 
resistor. As the desired accuracy of balance is at 
least one part in a million, with about 1 amp 
flowing, the above requirement appears to be very 
difficult to meet, since in order to reverse connec- 
tions to the primary of \/ it is necessary either to 
short or to open the primary circuit. 

The better method is probably to short-circuit 
the connections to the primary winding and to 
reverse the connections while they are shorted 
It was first planned that the primary battery 
would be of high voltage with a correspondingly 
resistance, so that the perecntage 


SeCTLes 


large 
change in resistance would be small when the 
primary of the inductor was shorted. With a very 
high inductance in the circuit the change in current 
might be kept small. However, it was decided that 
an casier solution of the problem would be to 
arrange the circuit so that the two terminals of the 
primary reversing switch, at the point of shorting, 
would be always at the same potential, in which 
cause ho change inh the current would result from 
the short-circuit. 

That a portion of a cireuit can be short-circuited 
value of current in’ the 


without affecting the 


seen from figure 51] Suppose 


remainder can be 


329 








Rn R2 





———}|1 || 
7D 
~ 


R; 
! c c! 
AA AA) ————_—_ > —_ - —__ 
Figure 3l Diaqran istrating how two points in a cur- 
sing t may be brought to the same potential 


batteries B, and FB, are sending a current, J, 
through resistors PR PR and P By properly 


adjusting the current, the potential difference 
can be made to be exactly the same as 


Neglecting the internal 


across Rf 
the emf of battery P 
resistance of 7,, or regarding it as part of P,, the 
potential difference from 6 to « will then be the 
sume in value but opposite in direction to the emf 
between the points a and 6. The two points @ and 
care then at the same potential, and a short-circuit 
froma toe will not affect the current flow. If, after 


and R, 


by disconnecting at a’ and e’, the current through 


shorting, the ceireuit through BR, Is opened 
Ry and FR, will flow across the short-circuit without 
any change in value. It is possible then to reverse 
connections to the battery 2,, and also to connect 
a’ toe and e’ to a, after which the current will 
flow through /?, in a direction opposite to that of 
the original current, and the current in the short- 
circuit will drop to zero. The short-circuit can now 
be removed without disturbance to the current 
By this evele of operations it is theoretically pos- 
sible to reverse the current through 7, without 
affecting the value of the current in the part of the 
circuit to the left of a « Practically, it can be 


accomplished only approximately, because the 
resistance of the short-circuit can never be zero 

In the above procedure, no disturbance will be 
caused in the part of the cireuit to the left of a 
and ¢ if the connections and current in the cireuit 
to the right are reversed in such a way that the 
current in the two parts are the same when the 
short is applied or removed As long as this con- 
dition is met, the method of reversal of the right 
circuit is of no consequence The connections to 
the battery may be interchanged by means of a 
simple reversing switch, or a special switch may 
be used to make the reversal in steps. The presence 
of inductance in this part of the cireuit might 


affect the way in which the current reverses but 
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If th 


inductance were large, it would be necessary 1 


not the final result if the currents match. 


delay removal of the short-circuit across @ and 
until any transient effect of the inductance ha 
disappeared. Subject to this limitation, the abov 
method for reversing the current through resist: 
PR, could be 


through the primary of a mutual inductor witho 


folleed for reversing the curre) 


disturbing the direct current flowing through th 
remainder of the cireuit. 

For our particular problem of reversing tl 
current through the primary of a mutual inducto 
it is desirable to control the wave form of tl 
current through the inductor during reversal, 
order to control the wave form of the indues 
secondary emf. It was therefore necessary 
build a special twpe of reversing apparatus fi 
controlling the change of the current during 
This will be 


erator,” although it is in reality a battery and 


reversal called a “reversing gel 


connected commutator and resistance networ 
from which a reversing emf of the desired wavy 
form can be obtained. [ts function is to maintau 
a zero potential difference across the primary 
shorting switch and at the same time reverse th 
current beyond this switch in a predetermine: 
manner. In order to better understand its oper: 
tion, and its relation to the shorting switch, let 

consider the operation of the primary circuit as 


whole. 
2. The Circuit as a Whole 


The essential features of the measuring cir 
are shown schematically in figure 32.) The curres 
7, in the primary cireuit is furnished by By, a 10-ce 
automobile storage battery. The cireuit) w: 
designed for a primary current of 1 amp. but ea 
be balanced with other currents, as the balance 
independent of the magnitude of the primar 
current. The current is adjusted in value b 
means of an ordinary tubular rheostat, RA 
current 


The primary passes through /A,, 


iron-cored choke coil. The iron core contains : 
air gap, and the choke has an inductance of abo 
6 henries when carrying a current of | amp. | 
addition to the iron-cored choke, the two ‘el: 
V>, 5], are used to help iat 


tronic chokes,” V 
tain a constant primary current. These electrot 
chokes are amplifiers with a 1:1 amplificati 
ratio and with the output voltage 180° out 

phase with the input voltage. Thus a sma!l pot: 
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Figure 32. Partial diagran 


difference arising across the input circuit of 
her choke will be neutralized, as far as current 
the primary cireuit is concerned, by an equal 
ential difference, which will be produced across 


terminals of its plate resistor, 7. Two such 


okes are used in cascade and together they will 


tralize, within about 0.2 percent, any sudden 
tential difference, not exceeding 0.1 v, which 
ht appear across the primary reversing switch, 
because of imperfect operation of the other 
nponents of the circuit. 
BY vond the electronic chokes the primary cur- 
flows through resistor R, which is to be 
isured. This is a four-terminal l-ohm resistor 
the highest quality, with an adjustable shunt 
known value, which is used for balancing the 
suring circuit. Beyond this resistor is located 
iy switch ¢ » Which is used to short cireuit the 
lary circuit from a to e¢ while the current is 
rsed in that part of the primary circuit to the 


ht. The reversing generator, RG. controls the 
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of the measuring ¢ 


current as it is reversed in this part of the cireuit, 
and hence through the primary of the mutual 
inductor, A/ The adjustable resistor and = in- 
ductor, PR, and Ly, 


make the resistance and inductance equal to those 


are included and adjusted to 


Which were assumed, for the cireuit to the right 
of the shorting switeh, in designing the reversing 
veneratol The resistance and inductance of 2, 
and ZL, need not be known, as the balance of the 
circuit does not depend upon the resistance or 


Their 


use Improves the matching of the current in the 


self-inductance of this part of the circuit 


two parts of the primary circuit and thus reduces 


voltage disturbances that might) appear across 
shorting switch © 

The emf induced in the secondary of the mutual 
inductor by the reversing primary current is 
rectified by means of reversing switeh C.. This 
reversing switch is of a simple rotary type, having 
brushes 


copper segments and copper-graphite 


In addition to the emf rectified by C,, and the 
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steady potential difference across 2 caused by the 
primary current, there is in the secondary eircuit 
a square-topped emf wave induced by the inductor 
generator, J. This inductor generator has four 
poles, as shown, which are energized through slip 
rings by a direct current. The sum of the three 


emf’s is impressed upon the d-c galvanometer, 
G, in series with which are placed two large choke 
coils, Ay, the a-c 


current through the galvanometer. 


which limit component of the 
The cy cle of operation of the circuit is as follows 
With switch C, 
the test 


in the series position, as shown, 


current of about | amp flows through 
resistor 2 and through primary P? of mutual in- 


ductor A/. After 


position for about one-sixth of the eyele, a short 


having been connected in this 


is connected across the circuit by Ls, which is 


RG has reversed the 


maintained until generator 


La] 


current through the primary of 1. This rever: 


requires about two-sixths of the cycle, after wh 
switch C, makes a series connection but with leads 
I is then allowed to flow 


interchanged. Current 


in the reverse direction through = the 


winding of \/ for one-sixth eyele, after which it 


prima 


again reversed to the = starting direction, tl 


second reversal requiring the remaining two 


sixths evele. It will be noticed that after ea 
reversal, the circuit is series-connected for abo 
one-sixth eyele. During these times the revs 
ing generator is producing a constant emf of su 
a Value that it would maintain a current equal to 
/ through the primary of the inductor if the short 
circuit had remained. If the emf of the revers 
generator Is hot exactly correct, the tremendous 
remainder of the 


equivalent inductance in’ the 


primary circuit will nevertheless bring the current 
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tual induct Kh ! voltage at termina 
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» the value J so quickly that a constant current 


large portion of this one-sixth cycle. 
During the time in which the current in the 
mary is constant, the secondary induced emf 





ero, and during this part of the evele the second- 
v leads are reversed, Before this reversal the 
rent through the primary winding of the in- 
wtor has attained practically a d-e distribution 
This is the 


stribution for which the inductance is calculated, 


ver the cross section of the wire. 


ul no correction. is required for the effect of 
quency upon current distribution. 
The cycle of operation is shown graphically in 
ire 35. In the upper part of the figure are 
iown the emf’s in the galvanometer circuit. Here 
is the emf introduced in the circuit by the 
nductor generator, Which from its nature averages 
ero. The ordinates of this curve were measured 
actual 


th the generator in operation, The 


raight line JR is the potential drop across 


sistor RP. The third curve, £,,, is the emf which 


ust be induced in the secondary of the mutual 


ductor by the reversing primary current to 
ilance at every instant the algebraic sum of the 
ther two emf’s in the galvanometer circuit 

From the third curve the data for the curve J 
f the central part of figure 33 were caleulated. 
This shows the way in which the current must 
uv in the primary of the mutual inductor to 
enerate the emf / 
the secondary connection is made at the time 


assuming that the reversal 


arked .\ It should be noted that the frequency 
the evele ol ] 


ductor is only half that of the frequency of the 


in the primary of the mutual! 


tified emf in the secondary circuit 

The curve J,,R, at the bottom of figure 33 was 
hen calculated by multiplving J,, by the total 
sistance, R,, of the part of the cireuit to the 
) 


ht of the shorting commutator, C,, figure 32, 


chusive of the reversing generator. From the 
te of change of J 
of this same part of the circuit, the induced 
f, Lal,,/dt, was caleulated for the entire evele. 


and the total self-inductance, 


1} he sum of the two emf’s, J,,R,and LdJ,, dt, i. e., 


a Is the emf that must be produced by the 
rrent-reversing generator in order to reverse the 
mary current as shown by the curve for / 


is inducing in the secondary the emf £, 
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ll flow through the primary of the inductor for 





3. Details of Certain Components 
(a) The Reversing Generator 


The energy supplied to that part of the primary 
circuit to the right of the shorting switch, C,, 
(fig. 32) is furnished by the reversing generator. 
This generator was designed to take the current 
in the primary of the mutual inductor through 
the current evele shown in figure 33, assuminga 
short-circuit maintained across C,. The removal 
of the short-circuit brings the primary current 
through the inductor to the same value as that 
through the resistor under test at the time of 
reversal of the secondary connections, thus cor- 
recting for an imperfect operation of the reversing 
renerator 

The reversing generator and its attached circuit 
are shown schematically in figure 34. The storage 
battery, B,, is connected to two parallel resistance 
In effect, 
this entire circuit rotates with reference to the 


circuits, each having a resistance A 


contacts 6 and 6’, and the potential difference 














Fiat RI 34 Schen { fiaqgran lo eversing-qeneralor 
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across these contacts is connected in series with 
the primary of the mutual inductor. During 
rotation, the resistance, .Y, must vary in such a 
way that the potential difference between 6 and 
4’ will vary in accordance with curve £&, of figure 
33, while the current from 6’ and back into 6 is, 
at corresponding parts of the evele, shown by 


eurve / 


The design of the reversing generator required 


of the same figure 
the caleulation of VY, the resistance between the 
brush contacts 6 and 6’ and the points of attach- 
ment of the storage battery, for all parts of the 
To calculate \, 


In applying his theorem, a calculation 


evele use is made of Thévenin’'s 
Theorem 
is made of the emf, /, which would appear be- 
tween a’ and ¢’ if the cireuit were opened between 
them, and then the current is caleulated on the 
assumption that this emf is applied in the reverse 
sense to a’e’, and any other emf is reduced to zero 

For present purposes it is sufficiently accurate 
to neglect the resistance in batters B,, whose emf 


will also be called 2B 


A-*x x 
q 


—/\/r 


Then by inspection 























» pfA—-X X , (A-—27x : 
E=BA aya PO 


If how Bb, Is reduced to zero and Ie Is inserted 
between a’ and e’, the cireuit will be as shown in 


figure 35, and by Thévenin’s Theorem the cur- 


rents will be the same as those of erreunt 34 Then 
by Kircholl’s Law 
Rly + LT, dt-+-21,, A Mog 
, (A-2N 
B A 
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or -.27,, X?—2(B,4+- 1, A) N+ (B,—E,)A=0, (4 


where | Oe RTI, Lal, dt (4; 


The values of Y for all parts of the evele Wel 
caleulated by solving eq 46, using the correspon 
ing values of J, and /,, as shown in figure 3 
they are plotted in figure 36, together with tl 


curves for J,, and /,. The value of resistance 
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Figure 36 Data used in desiqning reversing qene 


is arbitrary, and it was taken as 12 ohms. Thi 


emf of battery B, must equal the maximum valu 
of E,, 


and inductance of the cireuit in which the revers 


Which in turn depends upon the resistan 


Ing generator operates 
hanged to corr to tl of 
changed to correspond to the emf of an integra 


number of batters cells, and the values obtaine: 
| 


for V from eq 46 will not be affected, provided 


/,, and £, are changed in the same ratio as 2 
From eq 47 it is evident that /, 
[,, for given circuit: parameters, whence it follow 
that for given values of A, 2, and L, the solutior 


for V is unaffected by changes in B, if J, is change: 


proportionately, and this in turn means that the 


main primary current, 7, must be 
accordingly. 

To build the reversing generator of figure 34 
a commutator was taken from a discarded generato 
and mounted on the constant-speed shaft tha 
drives the reversing switches. This commutat 
has 177 segments, each 10 em in length and 
mm wide. Through a set of slip rings the storag 
battery is connected to points TSO° apart on tl 
commutator Brushes on the commutator fi 
connecting to the external cireuit are also spac 
ISO”. Pieces of resistance wire were solder 
between adjacent segments of the commutato 
the values of the resistance of each section beu 
so chosen as to change the resistance betwe: 
the brushes and the points of attachment of 
battery leads in accordance with the V-curvs 
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In actual use, B, may bn 


is proportional to 


adjusted 


eS 








ure 36. The sections of resistance were not 
ljusted to a high accuracy, since at best the 
versing of current in the primary winding is a 
ep-by-step process, and an instantaneous match 
f the emf induced in the secondary and the remain- 
circuit’ cannot be 


emf’s in the secondary 


tained. The irregularity caused by the step-by- 
ep reversal is smoothed out to some extent by 
ans of a 2-uf capacitor connected across the 


versing generator, 





This reversing generator was designed and built 
wfore the mutual inductor had been completed. 
The design assumed a primary current of 1 amp 
nd values of 5 ohms and 22 mh for FP, and L,, 
fen of 


cure 33 was obtained, its maximum value being 


spectively On this basis, the curve 


bout 7.7 v. This meant that three or four lead- 
eid cells should be used for RB. 


chosen because the lower level of primary current 


Three cells were 


called for, about OLS amp, would produce less 
heat mm various circuit: components without) ma- 
rially reducing the sensitivity 
When the primary of the mutual inductor was 
nished it was found to have a resistance and 
elf-inductance of 3.5 ohms and 15 mh, respee- 
vely The values for PR, and L, 


expected for the 


were purposely 


ssumed higher than those 


nductor, in order that the difference could be 
provided by adjustable circuit: elements R, and 
/ The cireuit could then be accurately set to 
he design values in order to obtain optimum 


performance 
(b) The Primary Reversing Switch 


The construction of the primary” reversing 


vitch, which is of the rotary type, is shown 


hematically in figure 37. A 2-in. length of copper 
ibing 4 in. in diameter was split axially into two 
jual long and two equal short sections, and the 
etions were so mounted as to be insulated from 
This part of the switch is driven 


shaft of the 


he another 


the constant-speed measuring 


yparatus The segments are represented by 


S., S;, and S, of figure 37. Riding on the split 


pper ring is a group of seven copper-graphite 
ishes attached to phosphor-bronze leaf springs 
hree brushes, 2B. By. and B, are connected to 

side of the primary circuit, and the four 
maining brushes are connected to the other side 
« two large copper segments, S; and Ss, are 


nnected through slip) rings (not) shown) to 
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reversing generator ?G, the primary P of the 
mutual inductor, the adjustable resistor R,, and 
the small adjustable inductor La. In series with 
several of the brushes are resistors, some shunted 


with capacitors, as shown. 


I < —| 








Figure 37 Details of connections to primary reversing 


In the position shown in figure 37 the cireuit 


within the commutator network is 


The current, 7, divides and flows through 


reversing 
shorted. 
brushes B; and B, into the long copper segments 
and out through brushes B, and B:. The con- 
ductors that connect brushes B, to B: and brushes 
B, to By, ave of low resistance and provide parallel 
shorts on the cireuit containing the primary of the 
mutual inductor 

respect to the 


As the segments rotate with 


brushes, in the direction shown by the arrow, a 
position will be reached where brushes B, and B; 
pass from the long segments, S,; and S;, to the 
short segments, S, and S,, while the remaining 
brushes remain in contact with the long segments 
In this position the long segments are no longet 
connected directly together, but there are three 
parallel paths through resistors that connect them. 
These paths are through B, to B, and through B 
and B, to B 
rotate the parallel paths open up at B,, By and 
finally at B,, 


primary cireuit are in series 


As the commutator continues to 


after which the two parts of the 
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The purpose of the extra brushes B,, B;, and 


B, is to limit any voltage rise that will appear 
across the reversing switch in case the currents 
in the two parts of the primary circuit are not 
exactly equal when the short-circuit is removed. 
The first step in the removal of the short-circuit 
leaves parallel resistance paths of 30, SO, and 230 
ohms, and these are opened in that order. To make 
the changes in resistance less sudden, capacitors 
were shunted across part of the resistance in each 
path; this, in effect, gives the equivalent of a low 
initial bat quickly increasing resistance to each 
branch. Moreover, the motion of the brushes off 
the copper segments gradually decreases the areas 
of contact, Which results in gradual increases in 
brush resistance rather than sudden openings. 

No effort is made to apply the short-cireuit in 
steps. However, both when the short is applied 
and removed, the peak value of the potential dif- 
ference across the commutator always remains less 
than the maximum that can be satisfactorily com- 
pensated by the vacuum-tube chokes 


(c) The Balancing Resistor 


For all the electrical measurements the circuit 
is balanced by varving a shunt on the standard 
resistor This resistor is of the double-walled type 
117] used at this Bureau for maintenance of the 
ohm, mounted in a well-stirred oil bath whose 
temperature is) thermostatically controlled. In 
this bath, 
through it, the 


about 0.5 dee C above that of the bath 


with the measuring current flowing 
resistor is 
Hence 
it is necessary to standarize the resistor in its own 
For the 


temperature of the 


oil bath and with an equal test current 
inductor and frequency that are used, a shunt of 
about 105 ohms is required For this shunt the 
adjustable arm of a “direct-reading ratio set’’ [18] 
is used in series with a plug box. This ratio set 
is so constructed that its resistance can be ac- 
curately changed in steps of 0.001 ohm from 99.5 
to 100.5 ohms, and the remaining resistance of the 
shunt is obtained from a plug box with 0.1l-ohm 
steps. A change in resistance of the shunt of 0.01 
ohm corresponds approximately to a change of 
1 part ina million in the parallel resistance. No 
temperature control Is required for the shunt unless 
the temperature varies several degrees from that 
This 


determination is made by opening the shunt and 


at which the shunt resistance is determined. 
measuring the resistance across the break. 
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(d) Current Reversing Switch 


A switch in the primary circuit enables th 
operator to reverse connections to all batteries 
All of these reversals are obtained with a moto: 
driven multiple rotary switch, which interchang: 
connections at mand n, p and g, and to the mag 
netizing coils of inductor generator J, figure 32 
This switch is so arranged that reversals will occu 
in the proper sequence and that the amplifiers an: 
galvanometer are properly protected during rv 
versal. To obtain the reversal the operator ha 
only to operate a push button, the switch stopping 
automatically at the end of the reversal. 

The purpose of the reversals of the batteries 
to eliminate the effect of possible thermal or othe: 
extraneous emf’s in the measuring circuit that ar 


In bal 


ancing the circuit, the galvanometer is not brought 


not reversed with the measuring current. 


to its open-circuit position but the resistance 
adjusted until the galvanometer reading is’ th: 
sume for both directions of the main primary cur 
rent. The difference of the reading of the galva 
nometer from its open-circuit reading shows that 
the stray emf’s amount ordinarily to 2 or 3 wi 
at most. These stray emf’s are usually very 
constant in magnitude, and their effect is elimi 
nated in so far as they remain constant betwee: 


successive reversals of the batteries. 


VIII. Electrical Measurements 


1. Location of the Inductor 


Construction of the mutual inductor and of al 
components of the measuring circuit was finishe: 
by the fall of 1938. 
the completed apparatus were begun in Octobe 
of that While 


measurements it was desirable to have the inducto 


Electrical measurements with 


vear. making these  eleetrica 


in such a location that its value would not b 
appreciably affected by magnetic materials in it 
neighborhood. For the greater portion of the firs 
2-vr period the inductor was mounted on a speci: 
outdoor pier designed to support it above vroul 


ae 
building. Th 


pier was entirely of wood, the parts being fasten 


and at some distance from any 


together by wooden pegs and clue. The on 
metal parts were brass straps and bolts used 
anchor the pier to the conerete footings and to tl 


side of the building. 
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Outdoor pier wooden 


pier is shown in figure 


The full-scale 
wooden model showing the location of the indue 
tor, Which was about 8 m from the building and 
tm above the ground 


os, a 


The nearer cast-iron lamp 
standard at the side of the steps was nearly 10 m 
from the inductor 
filled 
he 


A double-walled wooden box, 


with 


cotton batting, 


was mounted around 
inductor, and a canvas tent over the box cave 
rotection against the weather Strapped to the 


inderside of the pier were wooden ducts that were 
ised to circulate dry air from the building through 
the inductor 


housing. Electrical connections to 


of twisted pairs ol 
ibber-covered copper wire attached to the under- 
de of the piel 


he inductor were 


by means 


An effort was made to control the temperature 
the inductor at 23° C 


by means of the dry air 
reulated from the 


building. This was not very 
tisfactory, and it was found necessary tO meas- 

the temperature coefficient of the inductor and 
» correct for departures of the temperature from 

C. The determination of the temperature co- 
licient was made electrically \ series of meas- 
ements extending over 4 days was made with 
» change except for the temperature of the in- 
ctor and the corresponding value of resistance 
quired for The data ob- 
39, where the changes 


parts per million are plotted as 


an electrical balance. 
ned are shown in figure 
nductance i 
linates against the temperature of the inductor. 

he slope of the curve determined from these data 
7 ppm? C 


This is somewhat larger than had 
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mode showing 


ocation of mutu 








2 
e 


O 2 22 23 24 é 
AVERAGE TEMPERATURE OF MUTUAL INDUC 


Date 0 obtain 


been expected, but probably changes in tempera- 


ture of the wire on the primary change the stress 
it applies to the porcelain, and this produces 
changes in diameter in addition to those resulting 
from temperature changes of the porcelain 

In September 1940 the moved 


from the outside wooden pier and mounted on a 


inductor was 


wooden platform in one of the rooms of the Elec- 
trical Building, that had been con- 


structed to be fairly nonmagnetic, and all magnetic 


In a& Wine 


material was carefully removed from the vicinity 


of the mounted inductor. To accomplish this 
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result, the window frames were taken apart and 
then reassembled with brass screws, the floor was 
removed and replaced with a cement floor made 
with glass sand and nonmagnetic cement, and the 
walls were replastered with nonmagnetic plaster. 
The amount of resistance required to balance the 
cireuit at 23° C did not change when the inductor 
was brought to its new location, and consequently 
it is believed that the value of inductance is not 
appre inbly affected by anv magnetic material in 


the building 





2. Alinement of the Inductor 


The indoor platform to which the inductor was 
moved in 1940 has been emploved without change 
since that date. Whenever the inductor ts re- 
mounted on this platform, the primary lead wire 
and the secondary must be realined. The first 
step in this process is to set the primary vertical 
by means of a spirit level placed on the top surface 
of the porcelain form. The vertical primary lead 
wire and connectors are then secured in uppronrti- 
mately the correct position along the front of the 
eviinder. The secondary is next suspended in 
place and its height adjusted so that the center of 
its channel coincides with the plane «0, the loca- 
tion olf thre lattes bemg known with reference to 
turns on the primary \ dial indicating gage 
equipped with a conical pin is used to measure the 
axial distance between the surfaces of the second- 
arv form and the space between certain wires on 
the primary Variations in glass thickness are 
allowed for The last step in the alinement proce- 
dure consists in setting the primary lead wire ver- 
tical. For this purpose a phimb line ts hung in 
front of the evlinder. A telescope mounted across 
the room is sighted on the plumb line, and the 
wire is moved until its image alines with that of 
the plumb line The inductor Is then enclosed 
within il double box the Ihner one of which has i 
wooden fan at the top as shown in figure 40, this 
beme a photograph of the inductor with the fronts 
of the enclosing boxes removed. The air-stirring 
fan is driven by a long cord extending to a motor 
located 6 m away from the inductor The in- 
ductor rests upon an annular wooden ring sup- 
ported about LOem above the bottom of the innet 
box. This permits the fan to draw air up through 
the center of the primary and discharge it down- 
ward along the outsicde Thermocouples of negli- 


vible rire tbe effect are attached to the pore ‘lain 
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form and enable its temperature to be measured 


from a convenient external location. 


































































































































| 1GuURE 40 Inducto cith front of double box removed 


3. Adjustment of the Primary Circuit 


Before continuing with a deseription of t! 
procedure followed in making an absolute resist 
anee Measurement, it is necessary to reexamil 


conditions that exist in) the primary circu 
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Figure 41 isa simplified diagram drawn to illustrate 
the points presently involved. From what has 
been said before it is evident that for two-thirds 
of the time J and J,, are independent, and their 
values are determined by their respective bat- 
teries, B, and B,, and associated equipment 
During a period when the points @ to ¢ are short- 
circuited, the reversing generator reverses the 
direction of J,, through the primary of the mutual 
nductor in accordance with the middle curve of 
figure 33, while the shaft is moving say from 
(0° to 150 During the same time the rotary 
switch, ©C,, reverses the connections at a, a’ 
and ec’. In the meanwhile, J is held constant 
by various current stabilizing devices. The effect 
of the vacuum-tube chokes is to diminish by a 
factor of 400 or more sudden emf changes of 0.1 5 
or less appearing across C,, and this is initially 
equivalent to an increase in the effectiveness of 
the iron-cored choke coil by the same factor. 
In figure 41, A, therefore represents an equivalent 
choke of 400% 7, or 2,800 h. It may be regarded 
as oa large energy” reservoir When the shaft 
advances from 150° to 160° (fig. 33), the rotary 
switch quickly removes the short circuit in three 
distinet steps, at the end of which time the 
primary circuit is) series connected and remains 
so while the shaft moves from about 160° to 210 
If current J,, is not exactly equal to J when the 
short cireuit is removed, it is nevertheless quickly 
forced to assume equality with it, the requisite 
energy being supplied by A. The energy transfer 
does not take place, of course, without some slight 
nfluence upon the value of 7, and the effeet will 
be examined shortly. Approximately in the middle 
of the series interval, when the shaft angle is 
bout 180°, the secondary connections are reversed 
t the time marked Vin figure 33. At this moment 
he instantaneous value of J in the primary circuit 
Current /, enters into the ratio 7, /, appear- 
ng in eq 2 and as was pointed out in section II, 
his current ratio is difficult to measure directly 
th the required accuracy. Electronic amplifving 
nd measuring devices must be emploved, and 
he emf’s to be measured are of the same order 
f magnitude as the inherent noise in tube circuits 
such cleetronic measuring’ devices do, howevet! 
nd application in the present problem A 
ithode-ray oscillograph equipped with amplifiers 
connected to the points @ and ¢ of figure 41 


moderate vertical sensitivity. of O.1 vin. is 
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emploved, and consequently voltage disturbances 
of 5 mv or more are readily discerned If the 
setting of rheostat 7th is slowly changed while 
the apparatus is running, the ratio of J to J/,, at 
the moment of short circuit) removal may be 
judged from. the oscillograph response If the 
currents are matched, there is no discontinuity 
in the oscillograph trace when the short is re- 
moved. If, for example, J is set 15 ma above the 
matched value in the vicinity of O.S amp, a‘ table” 
lin. high (100 mv) will appear in the oscillograph 
trace of emf during the period of primary series 
connection. During the 15-ms short-circuit: peri 
ods, random emf variations appearing across the 
points @ to ¢ are very small, never exceeding 10 
mv. A 10-my rectangular voltage pulse of 15-ms 
duration will change O.S amp in a 2,800-h cireuit 
by less than 1 part in 10° If the voltage disturb- 
ance appearing across the points @ to ¢ during the 
series-connected period is likewise small, it is 
apparent that the instantaneous value of primary 
current will never be displaced from its) value 
averaged over the complete evele by as much as 
| part in 10° No diffieulty is experienced in set- 
ting Rh so that the height of the voltage “table” 
appearing during the 7-ms series period is within 
10 mv of the zero level of emf established during 
the short-circuit period The problem eenters 
chiefly around events that) occur during the 
1.5-ms transition period when the connections 
are changing from. short-circuit) to series As 
stated earlier, the switch ©, removes the short in 
three steps, and at each of these steps an oscil- 
lating emf disturbance is set up that may con- 
siderably exceed 0.1 v in amplitude if the resistance 
and inductance of the reversing generator circuit 
differ from the values for which the generator 
was designed By adjusting PR, and L,, par- 
ticularly the latter, the amplitude of these oscila- 
tions may be reduced to less than O.1 v, and their 
time integral value may be visually adjusted so 
nearly equal to zero that no appreciable net emf 
disturbance remains. When the adjustments of 
Rh, R,, and L, are so made that the net emf 
disturbance displaved on the oscillograph sereen 
is substantially zero, it is inferred that the current 
ratio ¢, 7, differs from unity by a negligible 
amount. The effectiveness of the current-stabi- 
lizing devices is illustrated by the following test 
The cireuit is first balanced with J and J,, matehed 
as closely as possible. Current J is then raised 
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about 15 ma with the result that the voltage 
“table” appearing during the series period is 
about 100 mv high. This emf disturbance, lasting 
for about 7 ms, changes the main balance by about 
If current J is lowered 15 ma below the 


table is 100) my 


) ppm 


matched value, the voltage 
negative, and the main balance is off by about 
» ppm in a direction opposite to the first case 
If this same test is repeated with the vacuum-tube 
change in balance 


chokes disconnected, the 


amounts to about 1S ppm In normal operation 
the voltage impulse is much less than 700 mvy-see, 
ratio 7, J, differs 


from unity by very much less than 3 ppm 


and consequently the current 


4. General Procedure for Making an Absolute 
Measurement of Resistance 


No absolute measurements are attempted if the 
inductor’s temperature is nonuniform or if its 
been changing rapidly 


mean temperature has 


during the preceding 24 hr. If the equipment has 
been idle for some time, temperature differences 
amounting to several tenths of 1 deg C may exist 
between the top and bottom of the porcelain form. 
After the air-stirring fan is operated for 6 hr or 
more, these temperature Inequalities are reduced 
to 0.01° CC. When temperature conditions are 
satisfactory, the main driving motor is. started 
and the equipment is allowed to warm up for 10 
or 15 min with the normal test current flowing in 
the measuring circuit. When thermal equilibrium 
has been reached, the automatic speed control is 
put into operation and the driving-power level 
adjusted so that the mechanical system hunts 
symmetrically about the synchronous position 
With the cathode-ray oscillograph used in place 


of the galvanometer, the excitation and phase 


angle of the inductor generator are adjusted to 
alternating 
The oscillo- 


graph is then connected across the primary revers- 


produce a minimum amplitude of 


voltage in the valvanometer eireuit 


ing switch, and the rheostat, 7th (fig. 32), is adjusted 


to produce a current match in the two portions of 
the primary circuit. If necessary, the auxiliary 
inductor, L,, is adjusted to reduce to a minimum 


the voltage disturbance during the transition 
period from short-circuit to series connection in 
the primary. The cireuit is then balanced by 
varving the shunt on 2? to bring the galvanometer 
to a selected false zero in the Vicinity of its open- 
Ni Xl 


eimeuit) zero all battery connections are 
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reversed using the remote-control sw iteh described 


in section VII, 3, (d). After quickly checking 
the speed-control adjustment and the primary 
current match, the shunt, Sh, is again adjusted to 
bring the galvanometer to the same false zero 
There is 


some random movement of the valvanometer spot 


that was used in the previous balance. 


because of momentary fluctuations in’ speed; 
these movements, amounting to a few millimeters, 
are integrated by eve in the process of making a 
balance. The time required to perform this inte 
gration will be referred to later as the valvanom 
eter observing time. The mean of the two values 
of Sh is recorded, and this is the setting of th 
shunt that would have been required had ther 
been no thermal or other irreversible emf’s in the 
galvanometer circuit, and had the galvanomete: 


Although 


it is not necessary that the two values of Sh bi 


been brought to its mechanical zero. 


equal, experience with the small thermal emf’s 
ordinarily present quickly indicates how the falsé 
zero may be chosen so as to make the two values of 
Sh practically These 
peated several times and a mean shunt value, S 


equal, balances are re 


arrived at. The mean temperature of the inductor 
is then measured. From the known temperatur: 
coefficient of the mutual inductor it is possible to 
ealeulate the value, 2, of the equivalent un 
shunted resistance that would have balanced the 
mutual inductance had the inductor been at the 
The value of this 


resistance is given by the followin, 


standard temperature of 23° C 


equivalent 
expression: 


R.—-R( — »)u a(t—23)]. (48 
Here P is the four-terminal value of the standar 
at the temperature and load conditions as used 

this experiment, 7; and ry are the values of it 
potential lead resistances, S is the mean value ot! 
the shunt required to balance the inductor whe 


the latter is at #2 C, and @ is +5.7™ 10 


5. Results Obtained 


Under favorable conditions two observers ca! 
balance the measuring circuit and obtain the san 
balance to about half a part ina million, and ev 
under less favorable conditions they usually agr 
to | part per million Hlowever, a series of ren 
ings taken at intervals of 1 or more days shows : 
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Fiaure 42 Values of resistance equired to balance the circuit during a 1-month period 


apparent erratic scattering of balances, which 
scattering, however, seldom exceeds t 2 ppm from 
the average of a considerable number. As an 
example, figure 42 shows all readings taken in the 
month of July 1941. The ordinates represent the 
values of the resistance, R,, required to balance 
the cireuit on the days shown. Throughout this 
paper all resistance values, unless otherwise stated, 
are in terms of the absolute unit adopted by inter- 
national agreement on January 1, 1948, regardless 
of what unit may have been used when the original 
data were taken. The seattering evident in 
figure 42 resulted from uncertainties in determin- 
lhigr the electrical balance, possible errors in correct- 
ne for the effect of temperature on the value of 
inductance, and possible changes in resistance, 
inductance, and frequency during the month. 
Over a period of a month any change in resistance 
Was almost surely negligible, and it is also be- 
lieved that the frequency was constant to 1 part 
n 10°, as it was determined by erystal oscillators. 
The average value of the shunted resistance for the 
month was 0.9906575 with variations from this 
mean of not over about +1 ppm 

An extended series of determinations of the 
values of resistance required to balance the 
measuring circuit was started in October 1938, and 
this series has been continued up to the present 
time except for the war period. The results of 
these measurements are shown in figure 43. The 
plotted points represent the monthly averages in 
ases where at least five determinations were 
nade during the month. Where fewer than five 


eadings were taken during a month, the point 
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plotted is for a group of at least five readings, 
plotted at the center of the time interval covered 
by the readings. 

Figure 43 does not show the results of all 
measurements made during the period covered 
On several occasions the resistance required for 
balance would start decreasing at a rather con- 
stant rate of 3 or 4 ppm per month, and this 
change would continue for several months if it 
were allowed to do so. Although no explanation 
of the phenomenon was obtained, it was found 
that the drift} was associated with a biasing 
battery in the amplifier that furnished the 
1 OOO-c)s frequency for the control of the constant- 
speed shaft. This C-batters was replaced, the 
bias being obtained instead as a potential drop 
across a resistor, and the difficulty was eliminated. 
The 1,000-¢ s emf was obtained from a circuit that 
was used to drive a svnchronous clock, but the 
readings of the clock were apparently unaffected. 
The difficulty, however, threw a doubt upon the 
frequency, and it was necessary to obtain an 
independent determination during proper func- 
tioning 

As a test of the 1,000-¢ s frequency, the rate of 
the constant-speed shaft was checked by compari- 
son with the Shortt Svnchronome clock of th 
Time Section of this Bureau. The clock so oper 
ates that every 30 sec an electrical impulse is sent 
from the free pendulum to a relay that controls 
the slave clock. Without using the relay contact, 
the impulse to the relay coil was impressed on the 
grid circuit of a gas-discharge tube in such a way 
as to fire the tube A spark-coil in’ the plate 
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circuit of the discharge tube produced a high 
voltage that was made to cause a spark from a 
stationary insulated plate to a rotating point on 
the constant-speed shaft With exact svnehroni- 
gation this spark would occur at the same point 
of the insulated plate everv eleventh spark, 1. e 
every 5‘ min. With the sparking cireuit: open 
except for every eleventh impulse and a piece of 
electrosensitive paper on the stationary plate to 
record the positions of the sparks, the rate of 
travel of the spark gave an accurate determination 
of the rate of the shaft as compared with that of 
the clock. The latter was determined by checking 
against signals from the Naval Observatory 
Several tests of the speed of the shaft were made 
in this way. By taking observations over an 
interval of about 100 min, the rate could be 
determined to about 2 parts in 10’, whieh was as 
accurate as the known rate of the clock. To this 
accuracy the rate of the 1,000-c’s emf was found 
to be correct. In the formula for resistance in 
terms of mutual inductance and time the value of 


nis therefore used as 


n- 1,000 /44 rps. 
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cuit during the period Octobe 1938 to February 1949 


An examination of figure 43 shows that either 
the inductance has increased from the first meas 
urements by about 13 ppm, or that the unit of 
resistance has decreased by an equal amount; ot 
perhaps that there have been changes ino both 
Since the relative change Was most rapid soon 
after completion of the inductor, the form of the 
curve suggests that the change was primarily in 
the inductance The resistors that were used to 
maintain the unit of resistance during this tim 
interval were constructed in 1933 and could hardly 
have been changing in sucha way as to explain thy 


eurve 


If the change in the ratio of inductance to resist 
anee were the result of an increase in) mutua 
inductance, the primary of the inductor aust have 
increased in dimensions. Such a change is entirely 
possible, as the copper wire might have vielde« 
slightly and allowed an increase in diameter, o 
the porcelain evlinder might have increased 
size because of the familiar “humidity expansion 
of material of this kind. A relieving of tension 
the wire would expand the diameter and shorte! 


the porcelain evlinder, whereas a humidity) 
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xpansion would increase both diameter and 
length. The latter change was found to have 
actually taken place 

The values of diameter and pitch given in the 
ection on measurement of the inductor were 
determined in 1947 and 1948. 


not as thorough, set of measurements had been 


A similar, although 


made in December, 1938, and was used in caleulat- 
ng the results given at that time to the Inter- 
national Committee on Weights and Measures 
\ comparison of the two sets of dimensional 
measurements shows that in the decade the pri 
mary of the mutual inductor increased in average 
diameter by 12 ppm, increased in average pitch 
by Il ppm, and that no significant change took 
place in the dimensions of the secondary since 
for small changes the inductance was found to 
change as the 1.92 power of the primary diameter 
and inversely as the 0.92 power of the primary 
length, the above-mentioned changes in  dimen- 
sions show that the inductance has increased by 
12.9 ppm An examination of figure 43° shows 
that in the same interval of time the inductance 
as measured in terms of the unit of resistance 
nereased by 13.1 ppm. This means that the 
apparent change in inductance in terms of resist- 
ance can be accounted for almost entirely by the 
increase in dimension of the primary helix, and 
that there has been no significant drift in the unit 
f resistance as maintained by means of wire 


o 
wound resistors. The excellent agreement between 
the change in the mutual inductance as measured 
mechanically and as measured in terms of the 
undoubtedly somewhat 


init of resistarce Is 


fortuitous, as either of the mechanical measure- 

ments could have been in error by 1 or 2 ppm. 
By using the value previously given for the 

nutual inductance in 1948 and using ” equal to 


O00 44, we obtain 


1000 
t4 


Q9O0 H56.S00> cgesm 


i 77 V/ 


O.SO7 225 


units of resistance 


0.9906568 absolute ohm 


This is the value of the resistor used in balancing 


he eleetrical circuit for the measurement of 


sistance in terms of inductance and time 


llowever, the value of this resistor in terms of the 
bsolute ohm maintained with wire-wound stand 
ds was found to be 0.9906632, which is larger 
measured value above by 6 


han the viven 
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Wwire- 


assigned to the 


microhms. The values 
wound standards were those assigned on January 
1, 1948, in terms of the unit selected by the 
International Committee on Weights and Meas- 
ures as being the most probable on the basis of 
1939. In 


measurements herein reported, the unit that they 


measurement prior to terms of the 
selected appears to have been too small by 6 
microhms. 

The unit of electrical resistance has been main- 
tained at this Bureau by means of a group of wire- 
wound resistors [17], by assuming that the average 
value of ten resistors remains constant. Such 
resistors have been very constant with respect to 
one another, but there has been no real assurance 
that they are not all changing in resistance at 
the same rate. During the period 1938 48 the 
average total relative change of each of the ten 
resistors, Without regard to sign, was 0.5 ppm, the 
maximum being 1.0 ppm. These small relative 
changes lead to the belief that the average of the 
group is constant to at least the same order of 
accuracy. The results given in the preceding 
paragraphs seem to bear out this belief, and they 
constitute the first satisfactory evidence as to the 
accuracy with which the unit of resistance has 
been maintained at this Bureau. 

It is expected that this series of measurements 
of resistance in terms of inductance and time will 
be continued. When combined with occasional! 
measurements of the dimensions of the inductor, 


this will in effect constitute a maintenance of the 


unit of resistance by means of the egs units i 


terms of which it is defined. 


6. Summary of Numerical Results 


A preliminary report) of numerical results 


obtained by the method described in’ this paper 
was submitted to the International Committee on 
Weights and Measures under the date of Decem- 
1938, 


ber 28, and appears in a publication [19] 


of that organization. The results submitted were 


based upon electrical and dimensional measure 
ments made in October to December of that Veal 
No correction for variations in pitch of the mutual 


inductor was made at that time, but it) was 


reasonably certain that the pitch errors were 


small. The 
time stated that 


1 NBS 


preliminary results given at — that 


Washington unit = 1.000485 — absolute 


ohms 
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Regarding the postwar electrical and dimen- 


sional measurements as a new determination of 


the ratio of the units, the above relation is now 

written: 

1 NBS Washington unit 
Figure 44 


relationships that exist between various resistance 


QOO482 absolute ohms 


s presented in order to clarify the 


units. Although this figure is not drawn to seale, 
it is intended that it indicate the differences in 


size of the several units, a small unit being shown 


NBS CERTIFYING UNIT MAINTAINED WITH SEALEO 
MANGANIN STANDAROS MAY 1909-O0CC Bi, 1947 

‘ 5 
3 2 j 
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940 1943 1950 
Figure 44 Relative size of various resistance units 
Differs 


at the bottom of the figure. In the interval 1937 
17 the difference between the Washington Unit 
and the Mean International Ohm decreased by 1 
microhm, as indicated in the figure. The results 
of postwar absolute resistance measurements may 


be expressed in the following optional forms: 


1 mean international unit (1947)— 1.000484 ab- 
solute ohms, 


1 ohm as presently maintained at NBS— 0.999994 
absolute ohm. 


The results of these measurements may also be 
expressed in terms of numerical values of resist- 
ance assigned to standard resistors numbers 78, 82, 
and S4 These resistors were submitted to the 
International Bureau in 1938 for comparisons of 
the national units and are of the large double- 
walled sealed type, originally constructed at this 
Bureau in 1933. These three resistors, and seven 
others of similar construction, now constitute the 


group of 10 standards that maintain the unit of 
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resistance in the United States. Data for th: 
three resistors are assembled in table 12. 


TABLE 12. Resistance of standard resistors 78, 82, and 8 
I I) N s No. 82 N “4 
Va Wasl tor it wr ¢ 
i ven NBs fien 
lated No ber 22, 1405S I 
Inte vional Bureau WwW t 
and Measur 0. GoO52t Dn) Oo. 44 
Va tbsolu ! um ¢ 
i nl minary | ! 
la iD miber 28, 193s 1 oooorl mile! Trt 
March 1048 values at 20° ¢ 
the unit now maintained 1 coos 1 (nda LLL 
1 March 148 va t i 
liao 1 (he 1 Oe RIS PLL 


In the above table the numerical values given 
opposite items | and 3 have been taken from thi 
records of the Resistance Measurements Section 
of this Bureau. Absolute resistance measurements 
made during this investigation employed 1l-ohm 
standard resistor No. 82 during the early portion 
of the work, whereas resistors No. 67 and No. 76 
were used during the postwar work. The data for 
items 2 and 4 were obtained by comparing the 
three resistors with the standards used in_ the 
absolute measurements. No conclusions regard 
ing the stability of these resistors should be drawn 
from these data, because the decrease in value 
results primarily from revisions that have beer 
made in the values of certain correction terms 
utilized in calculating the effective value of mutua 
inductance. These revisions, made subsequent to 
issuance of the preliminary report, will be dis 
cussed in the section that follows. 


7. Discussion of Numerical Results 
(a) Comparison with Preliminary Results 


The ratio of the NBs Washington unit to th 
absolute unit as determined by these experiment 
was given the preliminary value of 1.000485. u 
1938, and is herein assigned the final value o! 
1.000482. The difference between the two result 
is influenced by several factors, the most importan 
of which is associated with the corrections used 1 
arriving at the effective value of mutual induct 
ance, the most bothersome correction being that 


connected with distortion of the primary wir 
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In December 1938 this correction was taken as +6 
ypm, but subsequent review of the problem has 
evealed that the original analysis was incorrect 
ind that the correction should have been taken as 

0.5 ppm following the line of reasoning set forth 
n this paper. This change of 5.5 ppm is partially 
ompensated by adjustments that have been made 
n the values of three other corrections Except 
for the additional data upon which the pitch varia- 
tion correction is based, these adjustments result 
from a eritical review of prewar analyses rather 
The net effect 


f these revisions is such that. had the present 


than from changes in basie data 
pitch correction been available in 1938, and had 
ll corrections then been caleulated in the manner 
value of V/ 


vould have been 2.2 ppm smaller than the value 


now believed eorrect, the effective 


and the ratio of the 
NBS. unit 


agreement 


ulopted in December 1938, 


nits would have been reported ] 


between this figure and the postwar result is some- 


| OOOASS absolute ohms close 


What fortuitous, inasmuch as uncertainties in 
dimensional measurements of the inductor could 
those 


isily account for differences larger than 


encountered, 
(b) Comparison of Final Results with those of Other 
Investigators 
In preparation for the change in units ultimately 
made on January 1, 1948, several national labora- 
tories made painstaking absolute measurements of 
1935 


tails describing three distinetly different methods as 


resistance, beginning about Complete de- 


ried out in three laboratories have been pub- 


shed by Hartshorn and Astbury [20], Vigoureux 


21], Curtis, Moon, and Sparks [7], 
Hérou 22] The 


j 


and Jouaust, 


Picard, and final results ob- 


TABLE 13 
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f absolu 


tained by these workers, together with that ob- 
tained in this investigation, are listed in table 13 

In table 13 the numerical results listed tn the 
last column give the value in absolute ohms of 
the mean international ohm. They are calculated 
from values published in terms of the international 
ohm as maintained in the designated laboratories 
at the time of measurement. The international 
ohms used in the three laboratories mentioned 


differed 


international ohm, by 


mean 
The 


magnitudes of these differences during the period 


from one another, and from the 
only a few ppm 
1933 to 1939 are given in a publication of the 


International Bureau of Weights and Measures 


2] 


In the early part of 1939 the International 
Committee on Weights and Measures had before 
it the first four final figures given in table 13, and 
in addition, preliminary results from the present 
investigation; Yoneda [24] at the Electro- 


technical Laboratory, Tokyo; and from Zickner 


from 


25] at the Physikalisch-Technische Reichsanstalt, 


Berlin. 


the war 


Action by the committee was delaved by 
but at a meeting of its Advisory Com- 
mittee held in 1946 the value 1.000490 was se- 
lected as the best value for the ratio of the mean 
international ohm to the absolute ohm = based 
upon the experimental work referred to above 
The final results obtained in the present investiga- 
tion differ from the value selected for international 
lise by only if) ppm and thus support the commit- 
tee’s selection. 


As an interesting example of a different method 


for the absolute measurement of resistance, 
reference is made to the work of Nettleton and 
Balls [26], who earried out a measurement using 
fy sistance measurement 

\ 

oy 
NPI { T 
NPI l wi 
NB s NI 
LCh NI ( “ 
NBs W st 
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rpparatus developed by them and based upon a 
method suggested by Rosa in 1900 As a matter 
of historical interest it may be remarked that in 
those early days Rosa and Wenner were inde- 
pendently seeking to develop au d-c method for the 
absolute measurement of resistance that would be 
as simple and direct as the Lorenz method, vet 
avoid the limitation of the latter due to the low 
emf produced by the homopolar generator. The 
results reported herein represent the culmination 
of many vears’ work on the part of Wenner and 
his associates in developing his approach to the 
problem The method used by Nettleton and 
Balls was entirely independent but in many ways 
similar to Wenner’s. Their work was carried cut 
primarily to demonstrate the method, but with a 
few refinements could probably have furnished 
Valuable additional data on the ratio of the inter- 


national and absolute ohms 


IX. Performance of the Measuring Circuit 
1. General Remarks 


When this projyect Was started, the plans called 
for a determination of resistance in absolute units 
to a few parts in a million Hence, whenever 
possible SOUPCEOS of error were to be reduced to | 
part in 10 million or less. Factors that could not 
be so reduced were to be measured to that LECTUPACY 
if possible. In the preceding sections a number of 
potential sources of error have been discussed 
Besides those discussed, there were many others of 
the types common to all exact electrical measure- 
ments. Such, for example, are problems of 
adequate insulation, temperature corrections to 
resistors, heating caused by current flowing in the 
resistors and inductors, ete It is believed that a 
detailed discussion of the steps taken to meet 
these difficulties is) not) necessary. There are, 
howevet several possible sources of errotl peculiar 
to the method and apparatus that have not been 


considered in detail: a discussion of these follows. 


2. Discussion of Certain Sources of Error 


(a) Magnetic Permeability 


The magnetic properties of all materials used in 
constructing the mutual inductor were tested at 
least qualitatively. Because of the relatively 
large masses of copper and porcelain used in 


constructing the primary, great attention was de- 
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voted to these materials Qualitative tests mack 


on samples of the copper wire showed that it was 
diamagnetic: it was therefore certain that it 
susceptibility did not) exeeed 100-19", whiel 
was considered negligible. Quantitative observa 
tions were made on samples of porcelain cut from 
a block prepared from the same bateh of claws as 
was used in making the primary evlinder. Using 
a torsion balance with the specimen hung in a fiel 
of about 1.000 oersteds, the susceptibility of th 
porcelain was found to be $2.10", which 
negligible. Beeause the specimen tested may not 
have been representative of the large mass o 
porcelain used, the following supplementary tes 
was devised. An auxiliary matual inductor wa 
constructed by using a wooden form about PLO en 
long with an outside diameter slightly less than th: 
inside diameter of the porcelain form. Channe! 
2.5 em wide and 2.5 em deep at each end of th 
form were filled with bunched windings, thu 
forming two separate secondary coils. The cet 
tral l-m space between these coils was filled with 
single-laver helix, which formed the primary win 
ing. The inductance between this primary an 
each secondary was about 15 mh. This auxiliary 
inductor with its two secondaries connected 
series opposition Was used to balance a low-ran 


adjustable resistor ino the  absolute-resistamn 


measuring cireuit. The test inductor was so 


mounted that it could be lowered into the mai 
inductor and held at various levels while eleetrica 
balances were made. If the permeability of th 
porcelain had differed from air by an appreciab 
amount, a measurable change in differential 
ductance would have occurred in the test inducto 
No. significant change in electrical balance wa 
observed during the course of a series of obsery 

tions taken as the bottom secondary coil of tl 
avuNiliary inductor was lowered from a coay 

position well above the main inductor to a positior 
near the bottom This test did not vive cal 
from which the susceptibility. of the poreela 

could be ealeulated, vet its believec’ that if tl 
susceptibility had been large enough to produce a 
error of as much as | ppm in the value of V7, 

would also have affected noticeably the balance 


the test just deseribed 
(b) Alinement of Primary Lead Wire 


+} 


When primary connections are made in 
manner deseribed in section VITT. 2. it is obvi 
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hat the winding will contain an exact whole num- 
vrol turns The effeet of sliding the top contact, 
or example, along the wire of the helix is not to 
but to replace ot 


hange the number ol turns, 


ounterbalance a tangential increment of the helix 
vith a tangential component of the lead wire. — If, 
ol example, the top contact ts moved by 1 mmioin 
he direction to tnerease the length ol wire in the 
elix, the length of the primary wire ts increased 
by about 2 ppm (the primary wire is about 500,000 
nm in length), but there is actually a decrease in 
nutual induetance of between 2 and 3 ppm An 
ipproximately equal change ino inductance will 
also result from a sidewise motion of about | mm 
These experi- 


of one of the connecting jumpers 


like tally determined results of movement of the 
ontacts indicate that the method of alining the 
primary leads is adequate 


iN and 


sO large that the inductance 


It might appeal that the contact faces, 


A’ oof figure 6) are 


voul | Lepr nel pon the potnts oF contact between 
WNoand AY’ and the wires of the helix \etually, 
however, anv variation is. negligible li the 


imper were to rock in such a way as to shift one 
ontact, sav from the center to the edge ol IY’ the 


feet of the chang ‘Ol about 1 mm in the length 
of the helix would be almost completely peutral- 
rec by ah Opposite lateral component of the cur- 


ent as it flows in AY’ to the pont or contact 


(c) Alinement of Secondary 


The alinement of the secondary coil with ref- 
erence to the primary is accomplished mechan- 


leseribed in section VITT, 2. 


hundredths of a 


cally as This can 


” done to a few millimeter, 
vVhich is found to be adequate 

After the secondary has been properly set, the 
idjustments are tested electrically. [t is found 
hat radially the secondary can be moved a milli- 
neter without a measurable change in inductance 
In the axial direction, a change of 1.5 ppm results 
rom a movement of | mm in either direction, and 
he adjustment within a few hundredths of a 
illimeter is obviously more exact than is actually 
ecessary \ change of about this same magni- 
ide results when one side of the secondary is 
aised by | mm while the opposite side is lowered 
Vv the same amount, i. e., when the secondary is 
otated about one of its diameters. The greatest 


hange occurs when this diameter is the one 


hrough the primary lead wire, but in no ease is 
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there any difficulty. ino making the secondary 


alinement to a sufficient accuracy 
(a) Uncertainty in Effective Value of .\/ 


The effeet of errors in measuring the dimensions 
of the secondary are negligible. The apparent 


Uneertainty in mean primary linmeter is 2 ppm, 
Whereas the uncertainty in mean pitch is + 1 ppm 
li these errors combine additively, the uncertainty 
in the value of 17 


Ania lditional error ol the same magnitude may 


may be as much as 5 ppm 


be introduced because of uncertainties in the values 


eorrection factors to be applied 
value ol V/ Is 
that for pri- 


bye eh 


ol the several 


when the effective calculated 


Among the individual corrections 
loubt 


mary current distribution is most in 


factors affeeting current distribution have 
mector hot 


ell | 


discussed) previously An additional 


covered in that analysis relates to skin 


When the short-circuit is removed trom the pri 


mary, and the inductor is connected in series with 


the remainder of the cireuit, the current in the 
primary winding of the inductor is brought to the 
sume Value as that in the remainder of the cireuit, 
from which it initially differs by not more than 


because of current mismatch \t 


i eed percent 


first the distribution of this current across the 


section of the primary winding Is not exactly 


the same as the direet-current distribution for 


which the mutual inductance was caleulated 


However, the current) rapidly approaches — the 
direet-currept distribution during the series con 
nection. Experimentally, the eleetrical balances 
of the measuring circuit was found not to change 
with the time of secondary commutation over 
most of the available range of the series connes 
is therefore concluded that this change 


caleulation. but is 


tion lt 
in current distribution is not appreciable 
effect is difficult 


believed to he less 


to check by 
than the change of the seli 
inductance of the primary winding with frequency 
by Coffin [27], it 


seli-inductance at 25 es 


Using an expression derived 


was found that the 


; .* 
differs from the direet-current 


value by about y 


parts in LO" 
It may be readily shown [28] that the current 
to about | part in 10 


distribution is) uniform 


across the seetion of a long straight conductor 
of the size and material used for the primary helix 


when When 


coiled into a helix the distribution is somewhat 


traversed by ao 25-c 8) current 
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because of the effect 
Even so, the effeet of this 


less uniform, proximity 


of adjacent turns 
small departure from uniformity is negligible as 
compared with that which results from bending 
stresses in the wire. In this latter case a_re- 
sistivity Variation of + 0.4 percent over the section 
of the wire changed the mutual inductance by 
only a few parts in a million from that with a 
uniform distribution. These facts support the 
assumption that the effective value of mutual 
inductance is the same as that for a direet-current 
distribution 

The total error in V/ may therefore be + 10 ppm, 


but if some errors compensate one another, the 


probable uncertainty in JZ may lie between 5 
and 10 ppm. Over long periods of time, the mean 
dimensions of the inductor may change, but it is 
hot likely that the 


change materially. It is therefore believed that 


values of the corrections will 
changes in AZ, as determined from dimensional 


measurements, can be determined within +5 
ppm, and this is the figure of interest in connee- 
tion with observations on the stability of the 


resistance unit maintained with wire standards 
(e) Average Speed 


The instantaneous speed of the drive shaft ts 
continually oscillating about a mean value at a 
frequeney of 4 or 5 times per second The mean 
speed over a given interval of time may be taken 
proportional to the quotient of the total angular 
travel divided by the length of the time interval 
Obviously, if the time interval chosen is sufficiently 
lone, the average speed over SLLCCeSSIVe intervals 
of time will approach the constancy of the reference 


° 


frequeney. The time interval of interest is that 


which was referred to in section VITLE, 4, as the 
galvanometer observing time When balancing 
the measuring cireuit, the galvanometer light 
spot moves back and forth over a range of several 
millimeters beeause of slight speed variations, 
which, however, are not sufficient to throw the 
system out of synehronism. The exeursions of 
the lierhit spot are integrated visually over a period 
During this period the total 
measured on the  1,000-cevele 


1 OOO % 360 — 21.6% 10° 


cf about a minute 
angular travel, 
reference system, is) 60 
electrical degrees, with a position uncertainty 
equal to the amplitude of hunting, which is about 
30 electrical degrees as determined by stroboscopic 
averaged over the 


observations The speed 
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l-min galvanometer observing time may therefore 


be uncertain by +1.5 ppm. The electrical circuit 


is balanced several times in order to determine the 
average value, S, of the shunt on FR (fig. 32 
and the effect of repeated balances is to reduce the 
uncertainty in the average value of » well below 
lL ppm. The type of visual integration mentioned 
above can be made with surprising accuracy, as 
indieated by the fact that several observers work- 
ing independently will usually agree within +0.5 
ppm on the value of R, required to balance the 
eireuit 
(f) Stability of Primary Current 

Conditions relating to the proper matching of 

current in the two portions of the primary cireuit 


The dis 


cussion there considered the effect of voltage dis 


have been discussed In section VIII. ~ & 


turbances appearing across the reversing switch 
C,. Voltage disturbances arising at that location 
may be thought of as alternating emf’s having 
periods of 0.022 see or shorter. The vacuum- 
tube chokes were designed to compensate these 
relatively rapid variations in emf, provided thei 
amplitude was within certain limits, easily met 
A question vet to be discussed arises in connection 
with the possibility of a change in primary current 
at a rate so slow that the stabilizing devices are 
ineffective Such al change may be produced by 
a gradual increase in circuit resistance because of 
heating, or by a drift in terminal voltage of th 
main primary battery. It may be demonstrated 
analytically that the circuit: balance is not dis 


The effect 


of a slow change in the value of the main primary 


turbed if the current change is linear. 


current was tested in the following manner. An 
auxiliary load resistor of about 2 ohms was con 
nected through a switch to the terminals of the 
main primary battery. This resistor was ad 
justed to draw 10 amp with the switeh closed, and 
the effect of this load was to cause a gradual ce 
crease in the terminal voltage of the battery and 
consequently a decrease in the value of the test 
eurrent. The test current was measured con 
tinuously with a potentiometer. The test was 
begun by allowing the apparatus to warm up fo 
a 20-min period with the auxiliary load swite! 
open. The currents in the two portions of th 
primary circuit were then matched as closely a 
possible and the cireuit’ balanced in’ the usua 
nanner The balance was then observed for 


30-min period, the load switeh being closed fi 
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the first 15 min and open for the last 15 min 
During this run the primary current decreased 
gradually by 2 ma during the first 15-min period 
and rose again by practically the same amount 
during the last 15 min. No definitely measurable 
change occurred in the balance of the main circuit 
during this run. The current match in the two 
parts of the primary circuit did not remain perfect 
during this test, but the deviations were such that 
no error exceeding 0.5 ppm could have arisen from 
this cause. 

If the primary current rises exponentially from 
one steady-state level to another, the balance 
of the circuit will suffer a transient disturbance, a 
disturbance of 


decreasing current producing a 


opposite sign. Such exponential changes in cur- 
rent are produced by discontinuous changes in 


terminal voltage 


circuit) resistance or battery 
The effect was tested bv inserting a resistance of 
about 0.2 ohm in series with PRA of figure 32. By 


opening and closing a shorting switch connected 
across this resistance, the effect produced was the 
equivalent of a sudden decrease or increase of 0.165 
After balancing the 
This 


produced a sudden change of about 5 mm in the 


n battery terminal voltage. 
eireuit, the auxiliary switch was opened. 


valvanometer deflection, after which the galva- 
hometer spot soon returned to its original position. 
A 5-mm change in galvanometer deflection is 
equivalent to a 5-ppm change in the value of the 


When 


the auxiliary switch was closed the opposite effect 


resistance required to balance the circuit. 


was observed. 

A cathode-ray oscillograph equipped with a suit- 
able amplifier was connected across the terminals 
of the main primary battery in order to determine 


No sud- 


den variations as great as 0.003 v were observed. 


what sudden voltage variations occurred. 


There are no circuit elements between B, and C, 
of figure 32 that would produce sudden resistance 
changes as great as 0.01 ohm. The possible dis- 
continuous changes in resistance and voltage are 
therefore over one order less than that artificially 
produced in the test deseribed above. 

All the tests discussed in this section support 
the conclusion that no error as great as 1 ppm can 


exist because of instability of primary current. 
(g) Shorting of Secondary During Commutation 
Under ideal conditions the inductor generator 


in the secondary circuit would furnish an emf that 
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would exactly neutralize the remaining emf's in 
the secondary circuit when the condition of balance 
is attained, and no current would flow at any time 
in the secondary circuit. Starting from this ideal 
balance, a small change in the shunt on the pri 
mary resistor would produce a small unbalanced 
direct-current emf, which would cause a current 
to flow through the galvanometer, indicating the 
lack of balance. 

Under theoretical conditions, then, the current 
in the secondary circuit would be zero at balance, 
and no disturbance in it would be caused by the 
short-circuiting of the secondary of the mutual 


More- 


over, When the circuit is slightly out of balance in 


inductor that occurs during commutation 


either direction, the effect of shorting would be to 
produce a small change in the value of the gal- 
vanometer current, but this would not shift: the 
experimental setting of the resistance for a balance, 

The effect of this short-cireuiting of the second- 
ary of the inductor may be readily approximated 
sufficiently well for present purposes. The see- 
ondary circuit has a resistance of about 650 ohms 
2,000 h of 


The secondary of the mutual inductor has a re- 


and “choke coils” of inductance 
sistance of about 15 ohms and a self-inductance 
of about 0.05 h. 


reversal of the secondary connections lasts about 


The short-circuit at the time of 


») 
= Ins. 


Suppose the circuit is out of balance be- 


R of fic. | 
This will introduce in the secondary 


cause the resistor is high by 1 ppm. 
cireuit a 
direct-current emf of about 1 av, which will cause 
a current, /,, of approximately 0.0015 wa through 
the secondary circuit. This current will be flowing 
through the secondary of the mutual inductor as 
it is shorted. The time constant of the shorted 
secondary is such that the current through it will 
drop to about half its initial value, i. e., from 
0.0015 to 0.0008 va, during the time of the short- 
circuit. At the end of the short, the tremendous 
induetance of the chokes will almost immediately 
restore the current to 0.0015 wa, but in the oppo- 
is then 


site direction. The change in current, Ac,, 


6.0015+-0.0008 wa, and since this takes place 
twice per cvele, the average induced emf, /,, in 
the secondary of the inductor ts 


E,=L . *==(.05 & 0.0046 &K 107° K 25 


it 


0.005znv. 
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As compared with the unbalanced emf of 1 uv, 
which corresponds to an unbalance of about 1 ppm 
in the measuring eireuit, /, is obviously negligible 
The direction of 


rent in the secondary circuit 
In addition to the effect caused by I 


is such as to reduce the ecur- 


. the short- 
erreuit causes a temporary decrease in the'resist- 
ance of the secondary circuit, by the amount of 
the resistance of the leads and of the secondary 
The effeet on 


the secondary current is the same as if an emf, of 


winding of the mutual inductor 
average value /’, were introduced into the see- 
ondary cireuit. The value of this equivalent emf 


is approximately 


OOO023uv, 


where ¢ 7 is the proportion of the time the circuit 
is shorted, and ¢ is the value of the shorted resist- 
ance 

It should be noted that 4.’ 
tion and tend to neutralize one another 


and /¢, act in Oppost- 
In fact, 
Ik’ could be increased by means of a series resistor 
until 


the two effects had not been negligible. 


Ie’ 0. which would have been done if 


Although the above discussion of the effect of 
short-cireuiting the secondary applies only to the 
theoretical case of perfect operation, the actual 
operation was found to be sufficiently near the 
ideal that the effect is negligible. 
by separately doubling both the inductance and 


This was tested 


the resistance of the circuit of the shorted second- 
arv winding. In neither case was there a detectable 
change in the balance of the main circuit. 

If the inductor generator were not used in the 
secondary circuit, the emf in the secondary circuit 
at balance would be a square-topped wave of 
This 


alternating current through the secondary circuit 


about I-v peak value would) cause an 
whose fundamental would have a peak value of 
about 2 wa and which would lag behind the emf 
This 
through zero during the time of the short-circuit 


How 


duced emf would be because of the self-inductance 


by nearly 90 current would then go 


of the secondary. large the average in- 
of the secondary winding would depend upon the 


magnitude of the secondary current at the start 
and end of the short-cireuit. A balance of the 
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main cireuit made with and without the inducto: 
generator gave results that differed by 3 ppm. I 
the inductor generator had not been provided to 
aid the galvanometer to integrate correctly { 
would have been necessary to adjust a resistance 
in series with the secondary winding in order t 
render negligible the effect of short-cireuiting the 
secondary. 


(h) Stray Electromotive Forces 


One of the advantages of this method of meas 
uring resistance in absolute units is the fact that 
the rectified secondary emf is large. The stray 
thermal emf's in the secondary commutator are 
therefore small in comparison. In addition, the 
commutator was designed to minimize such thes 
mal emf's, and the test procedure eliminates thei 
effect 


SUCCESSIVE 


insofar as they remain constant during 


observations with the primary test 
current reversed 

It is necessary that no coupling occur betwee 
the primary and secondary circuits except) vir 
the mutual inductance between the primary an 
Henee the 


secondary leads from the inductor are twisted 


secondary windings of the induetor. 


and well separated from the primary leads, which 
are also twisted. In the vicinity of the commu 
tators the secondary leads are carried in an iro 
conduit, and the secondary commutator is) en 
closed ina steel box. The inductor is located at a 
distance of about 20 m from the commutators 
and the latter are about 2 m from the driving 
motor and the loading generator. 

It is also desirable that all other nonreversibl: 
components of direct current emf be minimized 
These components arise from thermal emf’s at 
junctions in the secondary circuit, induetior 
caused by rotation of segments of the secondary 
circuit’ (in the secondary commutator) in- the 
earth’s field, and synchronous emf’s arising from 
than the 


These nonreversible emf's are minimized by the 


sources) other primary test) current 


spacing and shielding mentioned above; and sma! 

residuals are eliminated during the measuremen 

by taking balances with the primary test current 
reversed, 

(i) Scattering of Results 

The curve in figure 43 has been drawn as thy 


most representative smooth curve connectin 


the 15 plotted points covering the L0-yr perio: 
during which absolute measurements have bee! 
Wenner Each  plotte: 


made by the method. 
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momnt is, in general, the mean of a large number of 
bservations, as shown in figure 42. The mean 
eviation from the mean for July 1941 is 0.4 ppm 
f the seattering had been entirely random, it 
vould be reasonable to expect that the mean for 
djacent months would deviate from the smooth 
urve by less than this amount, but this was 
ound to be not so, the mean for June 1941 being 

5 ppm below the smooth curve as drawn. A 
onsiderable body of evidence, for which there is, 
rowever, no definite proof, seems to indicate that 
he dimensions of the inductor are varving slightly 
rom month to month in an erratic fashion, per- 
haps because of dimensional hysteresis, with a net 
ong-time increase as indicated by the smooth 
urve. In spite of the great) effort) spent in 
lesigning and constructing the mutual inductor, 
t apparently does not possess a stability equal to 
hat of the best present-day large double-walled 
ealed standard resistors. 

An extended series of dimensional measurements 
was made on the inductor between December 1947, 
nd June 1948. The caleulated value of A/ 
arrived at on the basis of these measurements Is 
considered to apply to the inductor on the median 
late, Mareh 1948 
able for electrical measurements on that date, but 


The inductor was not avail- 


the resistance that would have been required to 
balance the circuit at that time is taken from the 
This value of R, 


| ppm, because the 


smooth curve of figure 43. 
inay perhaps be in error by 
exact form of the curve between adjacent electrical 
observations is unknown. The same considera- 
tions apply to the first dimensional measurements 


made in December 1938. 
3. Estimate of Over-All Accuracy 


A large number of factors must be taken into 
account in estimating the accuracy of the results 
of an investigation of this type. Some of these 
factors enter in a perfectly random way, and errors 
from them may be reduced by taking a large num- 
ber of observations. Certain errors, however, are 
ot random, and for others a large number of ob- 
ervations are not practicable. It is therefore 
to assign a 


A statement 


mpossible, on a statistical basis, 
probable error” to the final result. 

f the over-all accuracy is primarily an estimate on 
he part of the authors of how well systematic 
rrors have been reduced. It is the opinion of the 


ithors that in this investigation random errors 
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have been reduced to such an extent that system- 


atic errors predominate 

Probably the greatest potential source of error 
is the mutual inductor, whose value is believed to 
be known to be between Sand 1Oppm. — Inspite of 
the large number of observations, uncertainties in 
temperature during the measurement of the me- 
chanical dimensions of the primary may have 
caused errors amounting to 4 or 56 ppm. Errors 
of equal magnitude may result from a lack of 
knowledge of the exact value of various corrections, 
particularly that for current distribution in the 
wire of the primary helix The design of the 
inductor is such that improper alinement of the 
leads or of the secondary coil should not have 
caused an error exceeding | ppm. 

The speed control has been remarkably satis- 
factory, and the value of frequeney of reversal of 
the primary current is believed to be reliable to 
better than | ppm. The only remaining source 
of error is in the measuring circuit. Here also 
the performance has been entirely satisfactory, 
and no known source of appreciable error remains 
It is probable that the average of several readings 
is in error by 1 ppm at the most. 

Summarizing, it is believed that the unit: of 
resistance as maintained at this Bureau has been 
measured in absolute units to +10 ppm, and 

better. It is probable that 
» 


the uncertainty could be reduced to 2 or 3 ppm by 


perhaps somewhat 


the construction of a more nearly perfect mutual 
inductor and by an improvement of the tempera- 
ture control during electrical and dimensional 
measurement. If the primary were wound on a 
Pyrex or fuzed quartz form a more uniform coil 
could probably be obtained. The uncertainty 
caused by the nonuniform current distribution in 
the primary winding could be reduced considerably 
by using a smaller wire. This would increase the 
heating of the primary by the test current, but 
the effect 

electrically. 


of this heating could) be measured 


This method of measuring resistance could be 
used for routine calibrations of l-ohm standards 
to a few parts in a million in terms of inductance 
and frequency. The principal difficulties would 
arise from the fact that the average standard is 
not designed to carry currents as large as that 
used in the measuring circuit and that investiga- 
tions of the lead resistances of the standards 


would be required 


351 

















X. Summary 


An Il-mh mutual inductor, of a modified 


Campbell type, has been constructed, and its 


value has been determined to a few parts in a 


million in terms of its measured dimensions. 
Using a direct current commutated at a known 
frequency, this inductor has been used to determine 
the resistance of a standard resistor in terms of the 
calculated mutual inductance and time. The 
value of resistance so determined is believed to 
These 


results indicate that the ohm as now maintained 


have been correct to 10 parts per million. 


at this Bureau with wire-wound resistors is equal 
to 0.999994 absolute ohm The values for these 
resistors were assigned on the basis of the value 
of 1.000490 for the ratio between the mean inter- 
national and the absolute ohm as selected in 1946 
by the Advisory Committee on Electricity of the 
International Committee on Weights and Meas- 
ures. This ratio was based upon experimental! 
determinations at several national standardizing 
laboratories 

The dimensions of the mutual inductor were 
determined in in 1948. After 


allowing for the change in the value of inductance 


1938 and again 


caused by drifts in the dimensions of the inductor, 
the average resistance of the ten standard resistors 
used to maintain the unit at this Bureau was 
found to be the same in 1948 as in 1938 within 1 
part in a million. Even allowing for possible 
errors of a few parts in a million in the dimensional 
determinations, this is the first satisfactory 
method that has been devised for independently 
checking the stability of the unit as maintained 
by a group of wire-wound resistors. — In the future 


repetitions of the dimensional and electrical 
measurements should greatly increase the assur- 


ance in the maintenance of the ohm. 


The authors acknowledge the contributions of 
Frank Wenner to this project. The preliminary 
carried through 


determination was under his 


direction. To his genius must be credited much 
of the technique that has made this method, in 
our opinion, the best yet devised for the absolute 


measurement of electrical resistance. 


352 


[9] 


(10) 


[11] 


[12] 


(13) 


[14] 


[15] J. 


[16] 


(17) 


[18] 
19) 


[20] 


XI. References 


Henry A. Rowland, Research on the absolute unit o 
resistance, Am. J. Sei. 115, 430 (1878 

H. L. Curtis, Review of recent determinations of the 
ohm and the ampere, J. Research NBS 33, 23 
(1944 RP1606. 

F. Wenner, A proposed modification of the Kirchoff 
method for the absolute measurement of resistances 
Science 29, 475 (1909 

Frank Wenner, Time measurements, J. Wash. Acad 
Sci. 28, 505 (1938). 

I. L. Cooter, F. Wenner, and C. Peterson, A vacuum 
tube alternating voltage compensator, J 
NBS 25, 41 (1940) RP1312. 

A. Campbell, On a standard of mutual inductance 
Proce. Roy. Soe. (London) [A] 79, 428 (1907). 

H. L. Curtis, C. Moon, and C. M. Sparks, A determi 
nation of the absolute ohm, using an improved 

Research NBS 21, 375 (1938 


Researel 


self-inductor, J 
R P1137 
. Viriamu Jones, On the calculation of the coefficien 
of mutual induction of a circle and a coaxial helix 
London 63, 192 (1898). 
f 


L. V. King, On the direet numerical caleulation of 


ete., Proe Roy. Soc 


elliptic funetions and integrals (Cambridge Univer 

sitv Press, 1924 

in the coefficient of the general term in eq 75). 
Walter Bartkyv, Numerical calculation of generalized 
Rev. Modern Phys 


There is a typographical error 


complete elliptic integrals, 
10, 264 (1938). 

Nagaoka and Sakurai, Tables for facilitating the 
ealeulation of self-induetance of circular coil and 
of mutual inductance of coaxial circular currents 
The Institute of Physical and Chemical Research 
Tokvo (1927). 

P. W. Bridgman, The electrical resistance of metal 
under pressure. 
(1917). 

F. R. Kotter, Master’s thesis, 
University (1940). 

A. FE. H. Love, A treatise on the mathematical theory 

Press, 1934 


George Washington 


of elasticity (Cambridge University 
ith ed., p. 129, articles 87 and 88). 

1. C. Maxwell, Electricity and magnetism 2, sec. 701 
ki. B. Rosa and F. W. Grover, Formulas and tabk 
for the calculation of mutual and self-inductance 
BS Sci. Pap. 8, 1 (1912) S169. 

Stability of double-walled mar 
Research NBS 36, 107 (1946 


(Revised). 

James L. Thomas, 
ganin resistors, J. 
RP1692. 

James L. Thomas, 
measurement, NBS Cireular 470 (1948). 

Comité International des Poids et Mesures, Procé- 
verbaux des séances, 2¢ Série, TXIX-1939, E4s 

lL. Hartshorn and N. F. Astbury, The absolut 
measurement of resistance by the method of Alber 
Campbell, Trans. Roy. Soe. (London) [A] 236, 42 


1937 


Precision resisiors and the 


Journal of Researcl 





Proc. Am. Acad. Arts Sei. 52, 537 





Absc 











P. Vigeureux Determination of the ohm bv the 26) H R Nettleton and 1 Balls, The absolute 


method of Lorenz, Nth Phys. Lab. Collected measurement of electrical resistance by a method 
Researches 24, 279 (1938S ising the average electromotive force of a com- 
R. Jouaust, M. Pieard, R. Hérou, Determination of mutating generator, Proc. Phys. Soe. (London) 54, 
the unit of resistance in the egs electromagnetic 27 (1942 
; vstem, Bul. Soe. frang. élee. [5] 8, 587 (1938 27) J. G. Coffin sul. BS 2, 289 (1906) S37 
Comité International des Poids et Mesures, Procés 28] Lord Kelvin, Mathematical and physical papers HII, 
f verbaux des séaneces, 2° Série, TXINX (1939), E6S 191 (Cambridge Univ. Press, 1890 
¢ Comité International des Poids et Mesures, Procés 


verbaux des séances, 2° Série, TX VITL (1937), 178 
Comité International des Poids et Mesures, Procés Washington, April 12, 1949. 
verbaux des séances, 2¢ Série, T NIX 1939) E41 


I : 
- A»solute Measurement of Resistance 353 


S401 ! 




















S. Department of Commerce Research Paper RP2030 
National Bureau of Standards Volume 43, October 1949 


Part of the Journal of Research of the National Bureau of Standards 





Directional Effects in Dielectric Properties of 
Molded Rubber 


By Arnold H. Scott 


Slabs of rubber-filler mixtures were prepared in such a way that flow in sheeting and 
molding was greatly accentuated in one direction his paper describes the method of 
molding and gives values of dielectric constant and dissipation factor for measurements 
made on a variety of mixtures in which the samples were prepared and arranged for measure- 
ments in the direetion of flow during molding and in the two mutually perpendicular directions 
For some mixtures the values were much higher in one direction than in the others \ 
possible explanation for this is giver By using cubes of the material as spacers for an optical 


terferometer, linear thermal expansivities were measured in three mutually perpendicular 


direetions Some mixtures had greater expansivities in one direction than in others, but 
there was no correlation with the dieleetrie Constants and dissipation factors 
I. Introduction than in the other directions. The spacing of the 


rolls was so adjusted that when the sheet of 


r » POUPSE Ps sticat . fer- s . 
During the course of an investigation of dill rubber was taken from the mill it was between 5 


nil . ’ . refiller syste S j ns = 
tly compounded rubber-filler| system Mu wa and 7 mm thick. 


, - ma af . gs .¢ s 
bserved that specimens of the same composition A mold was used that produced slabs about 0.6 


me ’ ’ sree Perenees |] thor ws 1S 7 bo 
sometimes showed large differences in their valu em thick, 14 em wide and 15 em long. The sheet 


of | fectric ¢ sti ' ; ssipat , ‘ 
both dielectric constant and of dissipa “ie of material that was taken from the mill was cut 
factor The s , : anh was ai ‘ ) an 
mene Phe most likely explanation . ' " into strips 2 to 3 em wide. The strips were cut 
hese electrical propertte were affected vsti perpendicular to the direction of major flow pro- 


mount of flow in a given direction produced duced by the mill. The strips were then cut into 


ring 


erefore made of the effect of flow during molding 


manufacture of the samples. A study was 14 em lengths so that they would just fit the width 
. of the mold Two of these strips were placed one 
pon the dieleetric constant and dissipation 94 on top ot the other in the mold about midway of 
a number of rubber-filler mixtures. The its 15-em length. The cover was placed on the 
ermal expansivity of the samples — also ob- mold and the mixture was pressed out, the flow 
ned in order to determine correlations that of necessity being in the direction of its 15-em 
vht exist. The results show that flow during length. The cover was removed and another strip 
olding may produce large differences in’ the was placed on the pressed-out mixture in the mold 
leetrie constant, dissipation factor, and ex- again at the midpoint of its 15-em length. The 
nsivity of certain rubber-filler mixtures. cover was replaced, and again the mixture was 
II. Preparation of Specimens Premed out. Tis heding and poseing genes 

was repeated until the mold was filled. The re- 


In order to study the directional effect of flow sulting slab of rubber was then removed from the 
ng molding on these properties, a method of mold and again cut into strips 2 to 3 em wide 
king and molding was used that forced the These strips were also cut perpendicular to the 
to be largely in one selected direction. ‘Thus direction of major flow. The new strips were 
working and mixing the rubber, the rolls pressed out in the mold by repeating the above 
luce more flow in the direction of sheeting process. The complete process was repeated three 
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or four times. As a final step the mixture was 
vuleanized in the mold to form a cured slab 

The same rubber-base compound with various 
amounts of fillers was used in preparing two series 
of rubber-filler mixtures, namely, rubber-calceitum 
carbonate and rubber-zine oxide The base com- 


pound had the following composition 


Parts by 

weight 
Rubber 100 
Zine oxide | 
Petramethvithiuramadisul fic 3 


Stearic ac 


Rubber-filler mixtures other than the two series 
above were prepared and measured, but in some 
cases different compounds were used, The results 
of these measurements are reported along with the 
results for the two series. 

For the following discussion we shall designate 
three mutually perpendicular directions as follows 

see fig. 1); the P direction being perpendicular to 
the surface of the molded slab, the @ direction 
being the 14-em width direction, and the P diree- 
tion being the 15-em length direction. Thus the 
R direction is the direction of major flow during 


molding 


DIRECTION OF MAJOR FLOW 
DURING MOLDING 


14cm 5m 


III. Measurements of Dielectric Constant 
and Dissipation Factor 


The normal procedure for preparing samples for 
the measurement of dielectric constant and dissi- 
pation factor involves preparation of the material 
in the form ofa sheet or slab and affixing eles trodes 
This arrangement alines 


lo thre Opposite faces 
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the electric field in the direction perpendicular l 
the faces of sheet or slab, i. e., in the P directior 
Which, in the case of molded material, would no 
mally be perpendicular to the direction of the flo 
that existed during the molding operation A di 
ferent technique must be used in the preparatio 
of samples to permit measurements with the ek 
tric field alined in the Q and FP directions 

The 


measurements with the field) in 


sumples for electric: 
the Y@ and 2 


directions was similar to that used by Albert [1 


preparation of 


in the case of laminated phenolic materials.  T! 
slab was cut into strips whose widths were approy 
mately the same as their thickness. The norm: 
orientation of the material was then changed b 
rotating each strip 90° and assembling the grou 
side by side to form a composite specimen [i 
measurement. This technique permits measur 


ments of the mutual! 


same specimen in two 
perpendicular directions relative to the direeti 
of the electric field by a mere rearrangement of tl 
strips. To obtain a third measurement for t! 
material perpendicular to the first two, anoth 
similar slab must be used with the strips cut pi 


pendicular to those in the first slab 


The slab specimens were cut into strips 6 n 
wide by means of a sharp knife having guid 
travel. The knife was raised, and the slab w 
placed under the knife against an adjustable sto 
The knife was then lowered and sufficient for 
applied to force it through the specumen. A so: 
solution applied to the slab acted as a lubrieca 
for the knife on its passage through the rubber 

Values of 


factor were determined for the composite specin 


dielectric constant and dissipatie 
by placing it between electrodes so spaced th 
when it rested on the bottom electrode an 

gap intervened between the upper surface of t! 
specimen and the upper electrode, as shown 
hereinafter call 


figure 2 This arrangement, 


the “spaced-electrode method” for evaluat 
dieleetrie constant and dissipation factor, is sim 
by Starling [2] but with 1 


to that deseribed 


modification that the area of the specimen 
smaller than that of the electrodes 

One of the parallel-plate electrodes was provi 
with a guard ring. The spacing between 
electrodes could be accurately and easily adjust: 


The capacitance, at an appropriate spacing, \ 
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easured before the assembled specimen was 
serted. Then the capacitance and dissipation 
ctor were measured with the specimen in place 
vy means of the conjugate Schering bridge 
eseribed in a former paper [3]. The distance 
tween the electrodes and the thickness and 
a of the composite specimen were also deter- 
ned. From these measurements the dielectric 


stant and dissipation factor of the material 


ere computed 




















Lccurats computation of the dielectric constant 
nd dissipation factor from these measurements is 
tremely difficult, since precise formulas are not 
ailable After some study, it was decided that 
Was not worth while to spend the time and 
Tort necessary. for deriving precise formulas 
so relatively simple equations were used that gave 
ighly approximate values. These values were 
tted against the air gap distance between the 
men and the electrode, and the resulting 
rve Was extrapolated to zero air gap. The 
lw of the air gap was taken as the difference 
Iween the cle trode spacing and the thickness 


thre specimen 
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The roughly approximate formulas were derived 
on the assumption that the electric field between 
the electrodes is everywhere normal to their inner 
parallel surfaces. The capacitor unit was then 
considered to be a combination of three capaci- 
tances; an air capacitance In series with the 
specimen capacitance and another air capacitance 
in parallel with this series combination. The 
resulting formula for the approximate dielectric 


constant is 


LWSA . 
tart : : 
‘ - | 
ATs t oP : 
tr d 
( Capacitance in micromicrofarads of unit 


with specimen between the electrodes 
( Capacitance ino micromicrofarads of unit 
Without specimen between the electrodes 
d— Average thickness of specimen in centimeters 
f-— Electrode spacing in centimeters 


A=Area of specimen ino square centimeters, 


The approximate dissipation factor is given by 


. CC, tan é 
tan o yo? “ 
a ( 
Where tan 6,—the measured dissipation factor 
of the unit with the specimen between the elec- 


trodes 


0.0SS54 v1 0.0SS54 .1 
and ¢ ( 


t—<d y f 


(can be thought of as the air capacitance, which 
is in series with the specimen and ©, as the series 
combination of ¢ and the capacitance ol the 
specimen 

To test the method, uncut) specimens were 
measured both by using tinfoil electrodes in’ the 
usual manner and by the spaced-electrode method 
just) deseribed. Typieal results are shown i 
figure 3 for dielectric constant and in figure 4 for 
dissipation factor The short horizontal lines 
on the left-hand side of each graph indicate the 
values obtained with tinfoil electrodes. The 
solid dots indicate the values obtained on the 
solid slab when using the spaced electrode method 
The extrapolated values at zero air gap are in 
reasonable agreement with the values obtained 
with tinfoil electrodes 


The slab of rubber was cut into Strips and the 
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strips reassembled in their original positions so 


that the effect of cutting the specimen into strips 
The results are 
ana }. These 


values are more dependent on the thickness of 


could be studied shown as 


figures 3 computed 


crosses mn 


the air yap than were those for the solid slab. 


The value at zero air gap was somewhat lower 
tinfoil 


between these values is 


than the value obtained with electrodes. 
However, the agreement 
sufficiently cood to reveal much larger differences 
that were obtained when the strips were rotated 
The results of these measurements 
and 4 


eurves 


through 90 
figures 3 
of the 
considered to be the 


are shown as circles in 


ry 
Phe 


through 


open 


Intercepts at zero air gap 


these points are 


significant values for the @ and FR directions 
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IV. Dimensional Measurements 


The volume of the slab specimen was determined 


by weighing in air and in water The length and 


breadth of the specimen were measured with a 


steel scale, ana ah average of several readings 


was used in the computations. From these the 


surface area was determined. The thickness was 


computed by dividing the volume by the area. 
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After the strips had been cut, the volume was 


again determined from hydrostatic weighing 
The average length of the strips was known, 

was the average thickness. The average wid! 
of the strips was computed by div iding the volur 
by the product of length, thickness, and numb 
of strips. When the strips were turned edge ¢ 
in the capacitor unit, this average width was us 
as the thickness for computations. 

The weighings that were made for the purpo 
of determining the volume of the slabs and t! 
strips cut from them also served for the determin 
tion of the density. The densities of the indiy 
ual strips agreed closely with the density of t 
slabs, showing that there was no significant 


homogeneity such as might have resulted fro: 
incomplete mixing of the filler or from = trapp 
air. By 
70 percent 
2.2413; 


cut from the slab were 2.2410, and the maxim 


way of illustration, a slab containi 
of zine oxide showed a density 
whereas the mean values for the st: 
spread between values was 0.0010 

The density of this slab was also compared w 
the density calculated from the composition.  T 
calculated density was 2.242 and differs by or 


The differe: 
within the experimental ert 


0.001 from the observed density 
is judged to be 
which involves not only the errors in the deter 
nation of density but also uncertainties aris 
in the compounding process and in the val 


used for densities of the ingredients 


Journal of Resear 





~~ 





This relatively good agreement between the 


ie ulated and the observed density of the rubber 
mpound is considered to show that the filler 


as well dispersed. If the filler had been present 
i the form of clumps of part icles or agglomerates, 
he voids between the particles would have re- 
iced the density by a significant amount. 


V. Determination of Expansivity 


The linear thermal expansivity was determined 
y the interferometer method described by Wood, 
Bekkedahl, and Peters [4], in which the plates of 
n interferometer are separated by three cubes 
f the material to be measured. The plate as- 
embly was mounted in a metal case, which was 
laced in a temperature-controlled bath. A num- 
wr of cubes were eut, and three were selected that 
vould give sufficiently broad fringes for the 
measurement. The measurement involves count- 
ng fringes as they pass the cross hair while the 
mperature is being changed from one value to 
inother. The expansivity can be computed from 
he number of fringes counted for the tempera- 
ire change, the value of the wavelength of the 
iwht used, and the thickness of the samples. 

\ change either in direction of the fringes or in 


he spacing between fringes indicates either diff- 


erences In temperatures of the cubes, tilting of 
the cubes, or nonuniformity of expansion of the 
material being measured. Small differences that 
were observed were attributed to nonuniformity 


of expansion. The good agreement noted above 


between the density of the entire slab and that of 
trips cut from it indicates that this nonuniformity 
robably does not result from uneven or incom- 
lete mixing of the filler with the rubber. The 
onuniformity may be caused by irregular flow 
ring the molding operation such that the fine 
ture, Which is assumed to be present and to 
responsible for the directional effect, differs in 
entation in some parts of the slab. Another 
etor that could contribute to the nonuniform 
pansion could arise from the presence of non- 
niform residual stresses in the rubber. It is 
ll known that even small stresses may signifi- 
inthy alter the way in which rubber changes in 


mensions with temperature 
VI. Results 


The dieleetrie constant and dissipation factor 


re determined in most cases on two slabs of 
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each composition prepared from a single mixture. 


Thus, for most of the compositions, there are 
duplicate measurements in the P direction and 
single measurements in the Q direction and in the 
R direction. For two of the compositions, three 
slabs were made so that there were triplicate 
measurements in the P direction and duplicate 
measurements in one of the other directions. For 
six of the compositions, only single slabs were pre- 
pared so that measurements could be made in 
only the P direction and one other direction. 

In table 1 columns 5, 6, and 7, values for the 
P direction are reported for measurements made 
(5) with tinfoil electrodes, (6) with spaced elec- 
trodes and the specimen uncut, and (7) with 
spaced electrodes and the specimen cut. If the 
values obtained with the tinfoil electrodes (col. 5 
are assumed to be correct, then the differences 
between corresponding values in column 5 and 
columns 6 and 7 are suggestive of the accuracy 
limitations of the spaced-electrode method for 
evaluating the dielectric constant and dissipation 
factor of the strips. 


TABLE 1 Dielectric constant of hher-fille mirtures 
ws given in this table are single determinatior Sampk 
we | i ! 
Dic 
I PP’ 
¢ ‘Fre 
I ‘ hs ~ ; Q } 
t t l ree 
{ 
( 
W ‘ 
“ 
Caco , 
Cal su x ‘ 
Caco u , 
$$ CaCO " SS r 
Calo is 7 
Caco * _ F 
{ tt) 182 js 
CoCo “ 174 ts 
> ‘ } . 
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Pane | Dielectric constant of rubber-filler mixtures—Con. Tables 1 and 2 serve to show the effect of orier 
tation to direction of flow during molding on valu 
of dielectric constant and dissipation factor fe 
I tion different mixture combinations. For specime: 
containing no filler and those containing caleiu 





. r carbonate, the differences are small. Although t! 
values in the ? direction are always slightly larg: 
_— than those in the P direction, the differences at 
probably too small to be significant. For othe 
is wi specimens and fillers large differences are apparent 
oO fu “ ‘ 62 YP the value of the dielectric constant in the P dire 
a m tion being twice that in the ? direction in sever: 
Oo 5 ; ceases. Similar differences arise in the case o 
onl Fs . values of dissipation factor. Quantitative corr 
04 Low 4 isi lation of dielectric properties with measurement © 
- rs either flow or filler particle orientation, whiel 
pod end re might be expected to result: therefrom, was no 
ns ; ie attempted because of the difficulties attending 
0 014.4) 4 F quantitative measurements of either. 
my PP ” In an earlier paper [3] it was pointed out tha 
P ‘ { { the dielectric constant of rubber-caletum cul 
bonate mixtures could be given by an equatior 
a end ee developed by Weiner [5] for conductivity A 
though other equations have been proposed {6 
; . ; ‘ . 7], [S], and [9], the equation of Weiner seemed to 
ys be the most useful. Replacing the conductivity 
- of Bp mpoe » 89 in Weiner’s equation by A we have 
4 ee rf ley = = AK 1" Ky hy 
K+FK °“K.+ KF 
re0 : or 
re , ies ae K K [AN I K VPN, KK ; 
PhO 5 , ( ' A+ FAR V.(A.—K 
esp . . ‘ a4 where A, Ay, and Ay are the dielectric constant 
Sand of the mixture, continuous phase (rubber), any 
PbO ; , 65 | i the disperse phase (filler), respectively, Vy) is th 
2 iy ‘ volume fraction of the dispersed phase, and F is 
riba : 2.9 characteristic constant that is zero if there ts 
. . series distribution of the components, becom 
: ~ ' { 8 infinity if there is a parallel distribution of con 
be ponents, and is 2. for spheres embeded = in 
“ continuous medium 
rhe ; 7 : Wachholtz and Franceson [10] have shown tha 
(Cart , ™ * for a dispersion of pigments in oil, the value of 
Re | . . depends on the shape of the pigment partich 
"oO ' They found that for zine oxide the value of Fw 
( 2.55. But in that case the orientation was rat 
chs see : 2.4 dom, and the dieleetric constant was the same 


all three directions. 
Values of F in the P, , and 7? directions we 
computed for the rubber-zine-oxide series using 
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value of 34 for the dielectric constant of powdered 
zinc oxide at | ke and 25.5 at 100 ke. The value 
of the dielectric constant of zine-oxide powder 
at |} ke was obtained by the method of mixture 
Accurate data for the 


previously described | 
dielectric constant of zine-oxide powder at 100 ke 
are not available, so a value of 25.5 was assumed, 
as this gave the same value of F at 100 ke as was 


Although the values of F 


obtained at 1 ke 


tended to decrease with mnereasing percentages of 


zine oxide, an average Value of F was assumed and 
this was used in preparing the curves shown in 
Figure 5 The values of F are shown for each 
curve. There is fair agreement between the curves 
and the measured values represented by the plotted 
points 

The value of F (2.55 in the RP direction) in the 
direction of flow is the same as that obtained by 
Wachholtz and Franceson for random orientation 
of zine-onxide particles The values in the other 
two directions are much smaller. Wachholtz and 
Franceson tried to orient the zine-oxide evrstals by 
creating flow in their oil suspension but found that 
they could lower the value of F only 0.019. It is 
possible however that the forces tending to aline 


the particles are much greater in the case of flow- 
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thher-fille mirtures Continued 
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ing rubber and that the final alinement is mo 
nearly complete for the rubber-filled mixtures. Th 
zine oxide that was used was Kadox, and the man 
facturer had determined that the particles we 
elongated, having a ratio of axes of 1.8. An N-ra 
examination of the sample containing 75 percet 
of zine oxide revealed that there was consideral 
alinement of zine-oxide crystals. However, t 
X-ray examination of the sample containing 7 
pereent of titanium oxide did not reveal any alin 
ment of titanium-oxide ervstals, although th 
specimen did show a directional effect for dielect: 
constant. The specimen containing — litharg 
appeared to show some alinement of litha: 
evstals, but the X-ray pattern was poorly define: 

Dissipation factors for the rubber-zine-oxt 
series are plotted in firure 6 against the pereentas 
of filler. The curves for 100 ke are much high 
and have quite a different shape than those for 
ke. No general relationship has been fou 
between the dissipation factor and the pereenta 
of filler. 

The values of linear thermal expansivity 


some of the rubber-filler mixtures are given 


table 3.) The volume expansivity is given in | 


last column and serves as a check on the acecura 
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specimens containing no filler, the sum of the 


the measurements of linear eXpansivity, 


ar expansivities in the three directions agrees 
A sumilar 


was obtained in earlier investigations 


sely with the volume expansivity. 
eement 
ause of difficulties encountered in getting pre- 
and reproducible measurements on the speci- 
fillers, the 
m of the linear expansivities and the volume 


differences between 


is containing 


which range from 20 to 37 


to lie 


pDANSIVITIES 


considered within experimental 
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iy RE © D pation factor as a ’ on ¢ } 
ee : X 0,1 
The directional effect in expansivity Was com- 


pared with the directional effect in dielectric con- 
stant and dissipation factor in seeking a possible 
correlation. In all instanees in which significant 
differences in dielectric constant and in dissipation 
direction were observed, the values 
in the P direction 


in Which the differences in expansivity with direc- 


factor with 


were lowest In all instances 


tioh were observed, the value in the r direction 


was the highest. These results are consistent with 


the hywpeihesis that the filler particles are se dis 


tributed or oriented in the rubber matrix that 


their long axes lie in the P direction. This would 
lead one to expect lower dielectric constant and 
dissipation factor in the ? direction than in the P 
with 1 for dielectric 


direction in accordance 


eq 


\ 
/ 
i ws 
‘ 44 i 
‘ i 
“4 
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constant It would also lead one to expect higher 
expansivity in the ? direction, because the longer 
length of the filler particles in the # direction 
would tend to restrict the expansivity of the rub- 
ber in that direction since the filler has a lower 
expansivity than the rubber 

This hypothesis is supported by data for the 
compounds containing zine oxide and litharge as 
fillers 


taining titanium dioxide as a filler shows a definite 


On the other hand, the compound con- 


directional effect in dielectric constant and dissi- 
pation factor without any significant difference in 
expansivity along the different axes, whereas the 
compound containing no filler shows a quite small 
but probably real directional effect in expansivity 
without any corresponding effect in the dielectric 
constant and with only a small effect in the dissi- 
pation factor. Thus it appears that although the 
hypothesis suggested seems to afford a partial 


explanation, it is not completely satisfactory, 


probably because other significant factors have 
not been taken into account 

The facet that flow during molding produces a 
structure in which the dielectric constant and 
dissipation factor are vreater mn the direction of 
flow than in the other directions, may be important 
in cable manufacture. The extrusion of the 
rubber when applied to the conductor produces 
flow along the length of the conductor and may 
thus orient the filler particles in such a way that 
the dielectric constant in the radial direction from 
the conductor is different from that in the direction 


Where it 


along the length of the conductor 
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occurs, this directional effect should be advant 
FeOUS, because the dielectric constant would be ke 
in the direction radial from the conductor than 
the other direction, and low dielectric constant 
often desired. It is conceivable that an extrusi 
head could be designed to take maximum adva 


tage of this effect in cable manufacture 


The author is indebted to A. T. MePherson f 
his many valuable suggestions and guidance 
the preparation of the specimens, also to Alan I 
Selker for the preparation of many of the spe« 
Mens. 
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Infrared Absorption Spectra of the Liquid Butenes 
and 1,3-Butadiene 


By E. Carroll Creitz and Francis A. Smith 


he infrared absorption spectra, from 1 to 15 microns, of 1-butene, 2-methylpropen 
s-2-butene, frans-2-butene, and 1,3-butadiene have been recorded in the 
inder pressures sufficient to liquify them at room temperature 

spectra of the same samples in the vapor phase have been recorded and are 
sented for Comparisor 


\ rock-salt prism was used for the range from 2 to 15 microns Phe spectra of the 
samples, both liquid 


1.2 


2 microns using a lithium flu 


and vapor, were obtained at higher resolution over the range 


ride prism, and are presented for 


comparisot 
spectra obtained from the liquid phase 


ti 


provide data for the 


deve lopment of a 
dl 


ire for the analvsis of liquid plant streams by spectrometric metl 
| | 


thods 


l. Introduction corded, nor their speetra (liquid or vapor) were 


previously available, as resolved by the LiF prism, 
Orv » ine s u ‘aecurac ’ 

ne of the factor limiting the accuracy of the in the series distributed by American 
alysis of mixtures of the butenes and butadiene 


Petroleum 
' Institute Research Project 44 
is been the difficulty of obtaining a sample for 


nalvsis in the vapor phase that is representative II. The Spectrometer 
f the composition of the liquid in the “bomb” in 


hich samples from liquid plant 


The < , eae ge . oR vey 7 
streams are Phe instrument used was a model 12B Perkin 
ollected 


This difficulty results from the variable Elmer infrared absorption spectrometer. The 


direct-current thermocouple signal was fed through 


tial fractionation that takes place on vaporiza- 
The difficulty might be largely eliminated a General 


Motors breaker-type amplifies 
srown Electronik strip chart recorder 
the case of infrared spectrometric analysis by : : 

ise of absorption cells for 


to a 
operating 
liquids that are on a stabilized-power supply 
at pressures high enough to permit analysis 
the liquid at) room 


The Globat souree 
Was operated at about 210 watts from a separate 
temperature, based on stabilizer. 

: i ‘La : , - s cs 
etra of the pure constituents in the liquid phase Prisms of NaCl and Lik were used in the present 


Cells for liquids, with rock-salt windows, tested work, 
Ss tlie? ween have heen described be the Phe peak-to-peak electrical noise, a factor affect 
sent authors 


ing the photometric accuracy, has been reduced to 
. , about 1 pereent at a sensitivity of O11 uv for 
Phe spectra of five of the constituents of such , , 


full scale on the chart 
\tures, l-butene, 2-methvlpropene ces-2-butene 
In normal operation, as for the present work, thi 
2-butene and 1,3-butadiene have been re 
sensitivity is reduced 
ded in the liquid phase from 2 to 15 # with an 


to O.6uv for full seale, and 
Cl prism and from 1 to 4.2 4 with an LiF prism 


the slits are changed manually in steps according 
to an sehedule designed to keep the background 


The speetra of these hydrocarbons in the liquid energy between 40 and 90 on the linear chart seale 


s¢ apparently have not previously been re- The spectrum is scanned from long toward short 


39. liv "4 ( 


i 


\ 
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wavelengths at from 1 to 8 minutes per revolution 
of the wavelength micrometer drum, the lower 
rates being used at short wavelengths where the 
resolution is affected by the speed of scanning, and 
where water vapor or carbon dioxide absorptions 
appear in the background. These absorptions are 
reduced by flushing the spectrometer housings with 
dry nitrogen. The background record and sample 
absorption are recorded successively for each section 


Aslight 


overlap between sections proy ides cood CONDUINUTEN 


of the spectrum without changing the slit, 


of photometric values from section to section at 

different slit settings 
Adjustment for the energy 

flected by the cell windows was made by the use of 


absorbed and re- 
blank cells (a double thickness single window for 
the liquids), and the effects of stray energy have 
been minimized by the use of glass and Lik 
shutters. 

The wavelengths of sharp bands are accurate to 
between O.O1 and 0.02 w and adjacent relative 
values of percentage transmittance to about 1 per- 
cent except when occasional departures from lin- 
earity of the zero drift may result in absolute 
errors of as much as 5 percent or errors in relative 
Values between the ends and the central portion of 
a section of spectrum of a like amount. The 
magnitude and departures from linearity of the 
zero drift were minimized by automatically main- 
taining the air temperature at the spectrometer 
constant to 0.2 deg C 

The resolution attained under the present con- 
ditions represents a definite improvement, in the 
2- to 6-u range, over that attained by instruments 
from which spectra for the compounds studied have 
been made available to the present time by Ameri- 
can Petroleum Institute Research Project 44 (see 


footnote 4 


III. Source and Purity of the Butenes and 
Butadiene 


The 1-butene, 2-methylpropene, cis-2-butene, 
and frans-2-butene were Phillips Petroleum Com- 
pany’s Research Grade, certified by this Bureau 
from measurements of freezing points, as having 
the following purities respectively: 99.88 + 0.2 per- 
cent, 99.304 0.20 pereent, 06.1IS+0.15 pereent, 
and 98.92+ 0.10 percent 

The 1,3-butadiene was Phillips Research Grade 
material that had been stored for about 4 vears. 


The material used in this work was purified by 
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two distillations through a dedimerizing colu 
developed al the Sun Oil (‘o. 
Vsis by mass spectrometer showed the follow 


Subsequent an 


impurities: n-butane, 0.06 percent; 2-meth 


propane (isobutane), 0.05 percent; v-propane, 0 
percent; propylene, 0.09 percent ; and total bute 


0.44 percent; totaling 0.69 percent and giving | 
) 


butadiene by difference, approximately 99.5. p 
eent. 

The samples were protected from contamina t ir 
during measurement by transfer to the absorptir 
cells through '-in. copper tubing. Connectio 
were made with stainless steel cone to brass cy! 
der fittings and the flow controlled by metal nec: 


valves with saran packing.' 
IV. Procedure for Transferring Sample 


The evlinder in which the sample was obtair 
was fitted with an adapter and a needle valv 
control the flow. Near the evlinder end of 
sample line Was a tee connecting toa pressure gag 
The other end was connected to one side of t! 
cell A needle valve was connected to the ot] 
side of the cell, the outlet of the valve being co: 
nected to a tube leading to an air exhaust vent « 
through a drying trap to a Water aspirator pur 
as required. 

With the needle valve at the cell outlet co: 
nected to the pump and that near the evlind: 
open, the cell and line up to the eylinder valv: 
were evacuated Both needle valves were th 
closed, the evlinder valve opened, and Vapol 
mitted to the line and cell by opening slightly t! 
needle valve near the evlinder Evacuation ai 
filling were performed three times, after which t! 
cell outlet valve was connected to the vent TI 
temperature of the evlinder and gage were rais 
slightly by radiation from an electric lamp w 
until the 
sufficient to produce condensation in the cell 
Bubbles were vent 


reflector pressure of the vapor w 
the existing temperature. 
through the outlet needle valve until the cell fil 
completely and remained so. Of course wl 
analyzing liquid samples of mixtures from ph: 
streams the connection to the sample conta 
would be made at the bottom and the entire | 
and cell filled with liquid, no vapor phase b: 
present between container and cell 


Ch ‘ I. Heablitze Ar 
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The connecting tubing was sufficiently flexible 
» permit ready interchange of the filled cell and 
the blank cell inh the spectrometer Ways. The 
mperature recorded was that of the air at the 
wetrometer at the time of recording the spectrum 
Spectra were initially recorded at 25.2° C, but, 
hen it was found that the vapor pressure of the 
Wel boiling samples exceeded the safe cell pres- 
ire at that 
us set at about 21.6° C 


temperature, the air temperature 
where the remainder of 


he work Was done 


V. Results 


Observed transmittances in percentage have 
wen plotted with respect to wavelengths and 
vave number, and the resulting spectrograms are 
wesented in pairs in figures 1 to 10, liquid and 
apor spectra for each substance being adjacent 
o facilitate comparison 

Cells of three different thicknesses were used 
the liquid samples, and three or more pressures 
This 


iaced most of the transmittance minima between 


vere used in the case of the vapor samples. 


20 and SO percent with one cell or another. 
Differences, 
considered in this paper, appear between the 


the significance of which will not 


nfrared Spectra of Liquid Butenes 


liquid and vapor spectra of each sample. In 
general the spectrum of the liquid appears to be 
simpler than that of the vapor, and in numerous 
instances the member of shorter wavelength of 
What appears as a doublet in the vapor spectrum 
is much weaker or missing in the spectrum of the 
liquid. However, there appear to be a few in- 
stances in which the member of shorter wave- 
length is stronger in the liquid than in the vapor. 

The band at 14.8 uw in liquid trans-2-butene 
but not in the vapor (fig. 4 
result of absorption by the e/s-isomer, which has 


Is undoubtedly the 


its strongest absorption at this wavelength 
Since it boils at a higher temperature than the 
trans-isomer, it could be expected to be present 
in higher concentration in the liquid than in the 
Vapor phase of trans-2-butene. The observed 
intensity of the band is in good agreement with 
the probable concentration (1°;) of the e/s-isomer 
in the sample. 
The different 


ponents of the C-H band resolved by the Lik 


intensities of the several com- 


prism in the spectra of the liquid as compared 
with those of the vapor may be of interest in con- 
nection with the use of this band for analytical 


purposes, as reported by Saier and Coggeshall.’ 


Saier and Norman 1D), Cogges! Analyt Chem. 20, 
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Potential Problems and Capacitance for a Conductor 
Bounded by Two Intersecting Spheres 


By Chester Snow 


Formal expressions, as series and integrals 
| 


takes on assigned values on the 
axially s\ 
for 1 


aione or when it is in anv given 


representing given funetion f(z 


the parameter « of a Legendre function P, 


are 
two spherical bour 


himetric ¢ 


external potential, whicl 


derived for the 
when the body is 


This is effected 


whose 


surtaces either 


field 


integral 


dary 
lecLtrostatic bv 


as a complex variable is 


or (J, I 


Phe capacitance of the conductor is found as a series, whose terms involve psi-functions 
and vanish with I/n like n This is transformed into a formula depending upon a series 
whose 7 term vanishes with I/n like n-™, 
In case the two sphe res intersect at an angi which is a rational fraction of 27, the 
capacitance is given in finite terms involving complete elliptic integrals, which is Q 
rhe field, or electrostatic potential is giver finite terms whet naeim, where m is 
any positive integer, and n= 1, 2, 3, or 4 Phe cases n=3, 7 tf involve elliptic functions 
These would permit the exact computation in finite terms of the penetration of an external 
applied field into a cavity with any angular aperture 
I. Introduction The capacitance will be finite if one, but not 


This paper is concerned with the electrostatic 
ld outside a body (in most cases a conductor 


two intersecting spheres; some sec- 


The potential has 


“> inded by 


are shown in figure 1. 


IS 


ssigned values on its boundary (in most cases 


onstant The bods may be isolated, or it may 
n the presence of an external distribution of 

ved charges that are axially symmetric. 

To obtain the resulting potential distribution is 

erefore a question of finding the Green's fune- 

this the external 


unt, ?, when the boundary is kept at zero poten- 


mn beimg potential ut any 


inder the influence of any circular line-charge, 
i’, which is coaxial with the axis of symmetry 
in- 


When the Green's function is found (as an 


ral or as an infinite series), the application to 


conductor alone leads to expressions for its 


pacitance. There is also some physical interest 
the evaluation of the electric field when the 
influence, such as a 


nduector is under external 


ilar line-charge. This refers not only to the 
of 


ties as in b 


or d but also to those with 
In the latter, we 


sections a, ¢, 
e, fof figure 1. 
V be interested in the amount of penetration of 
external influence into the cavity, especially 


en the aperture is small, 


onductor Bounded by Two Spheres 





both, of the interseeting spheres has infinite radius 


The radius @ is taken as that which is always 


finite. This is on the right in all the case of 
figure 1. Passing to figure 2, a, the are A,€ of 


the meridian section has radius a. This sphere 


has the semiaperature @. 
of 
figure | 


of the meridian 


also. figure 


The angle, oe, intersection 


ares shown in and 2, a 


This angle @ could have any value between zero 


s 


and 27, but it is evident from an inspection of the 


several « in figure 1 that we may avoid a 


iss 
repetition of crescent-shaped sections, and with 


no loss of generalitv, by the restriction 


0O< @< r and @< w< 2r 1.1 
The radius a, of the second are (fig. 2, a, are .1\¢ 
is thus given by 
sin @ ; 
ad ad . » 
sin (w—é 
The capacitance will be a function of both 
angles, which may be denoted by (.(4 
To avoid getting lost in details that must be 


considered, we place here an outline of the main 


argument and the procedure we hope to follow. 
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we O+m, O27 
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(hemisphere ) 





e f 
w=2T7 
(thin shell ) 







( Dielectric ) 


-_--+-— 






- 
- ' 
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ay va 
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The eviindrical coordinates, 7, p, will be use 
only in the initial picture, the z-axis being the axi 
of 


venerated by 


symmetry. As the conducting boundary 


revolution around the z-axis of th 


circular ares .1,C and A.C’ of figure 2, a, we nee 


only consider that half-plane of r+-ip for whic] 
p>O. This half-plane, cut along the circular ar 
Aj(’ (radius a), may be represented conformally 
upon the semi-infinite strip of the variabl 
f=a+i8, as indicated by similar letters in figur 
2, a and figure 2, b. The equation of transforma 
tion is 
“y 7 
c. cot ( z ) l 

where 


ca sin @ 1.4 


The real equations giving + and p in terms o 
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the toroidal coordinates @ and 8 are 
sin a 0 
i 
cosh B—cos (a i] 

l sinh 6 Li 
ame Pp , cosh B Cos la i = 
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( ‘om p ( J po” 
Col la i = coth B : Lt 
AL Cp 
da’ t ds 
dr do- 4 \ : 4 
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The dotted cireular ares and the ares bounding 
he meridian section of the conductor (a a wW 
re parts of the locus of the equation (a constant 

c 
r C-COL la 0 ] 
Sill” (@ i 


The family of cireles 8= constant (orthogonal to 
lhe family a constant has the equation 
Pa 


p—c-coth B)* . 1.9 
it sinh? B 


Figure 2, ais drawn for the case in which r< w< x 


‘al 


When «and p are expressed in terms of @ and 8, 
he transform of any function F(r, p) will be 
ritten Fla, B 
The dependent function most suitable for these 
coordinates is not the potential V but the function 
HN, where 


y cosh Dp COs (a 6) Wia,B 


Ihe potential equation, 
vv (++! D,)V=0, 
p 


ansiorms imto 


l 
t sinh? ; 


(D.+D ,) vsinh 6 W 0 1.11 


(D.+D teoths D,+4)M 0, 


hich has particular solutions, 


I C’, cos va t+ Cz sin va) «(Cy P cosh 8 
CQ cosh 8)), 1.12 


here ¢ ( ( ( , are arbitrary constants, ? and 
being Legendre functions of cosh 8 of the first 


| second kind, respeetively, with parameter 


Ina problem w ith Vo givenasa periodic funetion 
x for O< a< 27 on the entire surface of a toroid, 
hose trace is some circle B= 6’ = constant, the 
netion Wo would thereby be a given periodic 
netion of @ on this circle The parameter vy mn 
irticular solutions of the form (1.12) would there- 
re be determined by the requirement that 


) 


2nr) and sin va=sin v(at2 


hich require 3 0, or an integer rn. Hence de- 


Conductor Bounded by Two Spheres 


velopment in a Fourier Series of the given funetion 
that represents W (a@, 8) is the key to the solution 
of such a problem 

However, the problem we have to consider is not 
completely analogous. The given function is here 
a function of 8, for 0< B< ©, so that it resembles 
a case in which given functions of @ must be repre- 
sented by a Fourier integral. Normal functions 
do not exist, and the integral representations that 
will be required are not Fourier integrals 

In this problem the solution, Wy must be eon- 
structed in the form of an integral with respect to 
, of solutions like eq 1.12, in the strip of figure 2, b 


0<a<w and 0<£6 


which takes assigned values on the cireular ares 


a—0, and a=. To outline the method we may 


Omit Many details to be considered latet Krom 
here oh we let 


r=—cosh B iis 


since we have ho further need for the sumbol rasa 
eviindrical coordinate. On the boundary are 
A,C’ (a=0) of figure 2, a, 


Vio. B Vita ya cos 6 Wh Oo. p l.l4a 


On the are A,C (a=« 


1.14b 


where Vi0r) and Vir) are given functions o 


that do not become infinite at C where 


This assigns boundary Values to HW, 


Vita 


\/ cos a 
Ww, B f(a » (1.14b’ 


so fils) and f.0r) are given funetions for s for 
l<s both vanishing like v when u 

If 2 potential \’ is required that is harmon 
outside the body, vanishes at spatial infinity and 
takes the assigned values | r) and Vitr) on the 
boundary of the body, it might be expeeted to be 
given by an integral representing Wa, 8), the 
integration being taken with respect to the 
parameter v. We may consider yy a complex 
variable 3 and imagine the integration to 
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be taken along some abscissa »,—constant, in the 
y-plane 


We then consider a solution of eq 1.11 of the 


form 
1 yP 
i a,p [sin V\W a I Vv 
wl. Sith yw 
Sill va F, H | dy 1.15 


for 0 <asw and |Isr=cosh B= o. 

This is an integral with respect to v of particular 

solutions of eq 1.11 of the form of eq 1.12. 
Spatial infinity in the plane figure 2, a corres- 

ponds to the single point a= 6, 8—0, in figure 2, b. 

If this is 


finite, then the potential will vanish at spatial 


an ordinary point, where W remains 
infinity as required, since the radieal in eq 1.10 
vanishes. At the boundary a=0, the integral 


representing Wo becomes (for 1=.r- 





, , if 
WoO, B fila vF (vy) P rydy. (1.16a 
Wl, 
And at the remaining boundary, a=, 
ai . , 
Ww, B Jala vF(v)P, r)dy. (1.16b) 
Wi, 





For each boundary are the same problem is 
presented, of finding a function, F(»), which is an 
analytic function of a complex variable y=», ++» 
in some strip or half-plane of v, this funetion FG 
being the solution of the integral equation. 


l , 
fa vF iy) P r)dv for 1<a x 
1.17 
where f(#) is an arbitrary, given function of +. 
The abseissa », = R(v) constant, which is the path 


of integration, must lie within limits to be found, 
which will depend in part upon the nature of the 
funetion f(r) and in part upon the nature of the 
development-function P, I). The solution of 
this integral equation is the subject of section IT] 
in which certain sufficient limitations upon f(s 
are found 

For this it is first necessary to place in section I 
and QQ, .,(4) as 


The things of especial 


some known properties of P,..( 
functions of «and also of v. 
importance for the integral representation (eq 
1.17) are the principal terms of the asymptotic 
expansions of these two Legendre functions, both 
cosh pg and as to pm (4 


as to a vy fixed 


fixed 
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\fter the integral representations are found iy 


section III, the remainder of the paper consists iy 
finding the Green’s function in terms of a mor 
and in exploiting thi 
These applica 


fundamental function, S, 
discovery for various applications. 
tions are concerned with finding series more suit 
able in their convergence than that which first 
appears for computing capacitance. Also we fin 
the eases in which the capacitance may be com 
puted in finite terms. There are some cases iy 
which the potential may be found in finite terms. 

To outline this and to show the physical o1 
geometrical role of the principal functions that 
appear, we may consider first the simple case i: 
which the conductor is a complete sphere, thi 
In this case the are A,C of figure 2 
is the continuation of the first circeula 


sphere =z. 
a (w=) 
are, a0, of radius a. 

The Green’s function Vy(a, 8; a’, B') is defined 
as the potential at any point P(a, 8) outside thi 
sphere when there is a circular line-charge 17’ wit! 
trace at some fixed point P’(a’, 8’) also outsicd 
the sphere, while the sphere is kept at zero poten 
tial. The fixed point, P’, is a point of singularity 
for the potential becomes infinite when P? tends to 
coincide with P’. It is the only one in the dicles 
trie region (outside the sphere). 

In case the line-charge \/’ shrinks to a point 
charge at some point 1” (2’,0) or P’ (a@’,0) on th 
axis, it is well known that the external potentia 
Green's function) at P? is equal to that of th 
actual point-charge at 2?’ plus the potential at /’ 
of a fictitious point-charge M’’ within the spher 
ata point P’’, 


by reflection in the sphere. 


This point ?’’ is the image of / 
The charge \/’’ mus 
be opposite in sign to AM’ and suitably chos 
proportional to MW’. (But AW’ A#~— AM’ as in tl 
two-dimensional case of an endless circul 
‘vilinder 

It will appear, and is fairly evident, that t! 
sume holds true for a cireular line-charge, wl 
as we assume throughout) this is coaxial wit 
Reference to eq 1.5 and to figure 2 
ar tw 
must be a point outside the strip 0<a<r 


the « aNis. 
indicates that the image P’’(a’’,B’’ 


having the same height, that is, B’’= p’. Also 
figure 2, b, the points P?’ and P”’ should be eq 


distant from the vertical line A,C of figure 2 
which represents part of the spherical bounda: 


”? 


By the same reasoning P?’ and P’’ must be eq 


distant from the line a=0 of figure 2, b. He 


Journal of Researc! 











here must be more than one image point P’’ of P,’ 
bviously an endless set of such image points to 
left, 
However, all of these are represented 
p-plane by the single image point P’’ 


cht and periodically distributed in’ the 
3-plane 
nm the ov, 
nside the sphere 

\s long as we are concerned only with a con- 
itor in the shape of a complete sphere there is 
viewing the virtual charge at P’ 
number of 


Oo sense in 


is. the infinite 


superposition of an 


If we 


r, this hidden 


gradually change the boundary 


harges 
re from structure makes its 
ppearance and the innumerable images cannot 
n general be found within the conductor of figure 
’ B’) of the 


nore general conductor (, 4m) cannot be expressed 


a. The Green's function Vola, 8; a 
s the effect of any distribution of charges within 


he conductor of the s, p-plane. 
The explanation may be found if we first extend 
the meaning of Vy(a@, B; a’, B’) to the 
p-plane, in the sense that P(a, 8) is the general 


wint in the half-plane, while there are two fixed 


entire 


ne charges one at P?’ the other at its image point 
P’’. We may for the moment consider them both 
0 and 


eal and regard the spherical surface (a 


7) merely as a surface where V, is zero, 
This half-plane is represented on any semi-infinite 
B-plane. Hence, 
a, B; a’, B’ 


sa real periodic function of a with period 22 having 


strip of a-width 27 in the a, 


extending its meaning still further, V, 


two singularities in any period interval such as 
V<a<lr 
\s eq 1.10 suggests, it Is simpler to consider the 
li-function as the Green’s function, sav Wy(a, 8: 
8') for the differential eq 1.11. This also will 
«a periodic funetion of @ with period 27 having 
two singular points in a period interval, 

From this it is a natural step to regard W, as 
he difference of two values of a simpler function 
S.(a, 8, B'), which has period 27 in @ but only one 

ngularity in a period 


For the sphere w= 7, we find 


n case of a conductor bounded by two intersecting 


pheres the ceneralization Is 


i] a, B: a’. B’ S..(a a ee 


Conductor Bounded by Two Spheres 


is the generalization of S,(a, B, 


where Sula, 8, B’ 
8’) and is the fundamental 
problem. S.(a, B, B’ 
of @ with period 2 having one singularity in any 


function for this 


Is an even periodic function 


period interval such as 0< a@a< 2w. 


The special function S,(a—a’.8, 8’ 
in section I], eq 2.25, is in effeet the W function 


introduced 


corresponding to the potential at P? (a, 8) produced 


only by the cireular line charge with trace at 
P’(a’, B’ It is, except for a simple but variable 
factor, a Legendre function © ., with argument 


cosh B cosh 8’ —cos (a—a’|/sinh 6 sinh 6’. 

Its great practical advantage is that S,(a@, 8, 8’) 
mav be computed in terms of the complete elliptic 
integral A for any value of its argument (eq 2.32 
Unfortunately no finite expression has been found 
for the general function S.(a, 8, B’ 

The addition theorem for @ 
of Fourier’s cosine series in @ with coefficients that 


vives two forms 


are products ol Legendre functions of cosh B and 
cosh 8’ eq 2.26 The analogous series for S., is 
found in eq 4.9 

As indicated in eq 1.15 to 1.17 the natural 
method of solving this problem will be through the 
use of integrals along some abscissa yv,— constant 
in the plane of the complex variable »=»,+ 7». 
\nticipating this, we derive such an integral repre- 
senting S,(a@, B, 8’). In 
found, the similar integral representing its gen- 
eralization S.‘a, B, B’ 

In section IV is derived the relation 


section LV eq 16 Is 


S.m(a, B,B’)=> SS (a+! +B, 8’); 1.19 


where m isa positive integer 

Out of this relation flow all the cases (rational 
values of w 7) for which the field outside the con- 
ductor may be found in finite terms. These are 
four infinite sets of values 


wre m where n—1, 2, 3, or 4, while with each 
n, the denominator m may be anv positive integer. 
The two sets with » Sand n t involve elliptic 
This is the subject of section IX. 


is found in section VIII 


functions. 
On the other hand, it 
that the capacitance is given in finite terms (with 


elementary functions) when w=nm m, where n and 


mare any positive integers, subject to 0< w< 27 
In case nor m (or both) are large, these expres- 
sions may be less suitable for computation than 
some of the series in section VIL, which apply for 
anyvw. In particular the form of eq 7.9 is a series 
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of the form $3 A, sin’ n2@/e where the coefficients 
| 


A, approach zero with increasing » like n~" 


In the sections that follow, we have not used the 
method of images asa guide. The results however 
may be interpreted from that point of view by an 
extension of the concept of Images, mm the course 
of which will appear the reason why the method of 
images has not been followed. 

Interpreted on the endless a, 8-plane, the Green's 
funetion Vy (or W, 
27, will of course have all its singularities end- 


The «, p-half-plane of figure 2, a, 


being periodic with period 


lessly repeated, 
which corresponds to actual space, is represented 
upon any semi-infinite strip of the a, B-plane of 
e-width 2x. But the inverse representation of the 
entire a, B-plane upon the +, p-plane requires the 
latter to be imagined with infinitely many leaves 
lving above and below the plane of the paper of 
connected 
so that 


instead of crossing this cut we are forced up or 


figure 2, a. Suecessive leaves are 


along the circular cut .1,C’ of figure 2, a, 


down to another sheet 

All the singular points in @, 8-plane correspond 
to singular points on Various sheets of the vs, 
p-surface, all lying under or above the two points 
P’, PP’ of the first sheet, so it appears, looking 
down on them, as if there were only two. 

For the general case wr, the region of the 
rp— plane 0< a —2w (where 0<w<2r) Is repre- 
sented on any strip of the a, 8-plane of width 2. 
Conversely, to represent the entire a, 8-plane on 
the sp-plane, this must be many-sheeted, with 
cuts at a—0, a= 2ne, where n takes all integral 
values positive and negative. The endless num- 
ber of singular points in the a s-plane will corre- 
spond to an infinite distribution in the z,p-plane, of 
singular points that appear to be on the circle 
B=’, 
side apparently in the dielectric space where we 
placed only one. This one at 7” is on the first 
sheet, and the others on different sheets but not 
hidden by , 

The potential produced ato oa point P in the 
the first sheet or 


some inside the conductor and some out- 


dielectric region of the sp-plane 


plane of the paper in fig. 2, a), by a real or virtual 


circular line-charge with trace at 2’ also in the 
plane of the paper, is a comparatively simple 
expression given in section Il. This expression 
becomes infinite when P coincides with P’ as it 


may without leaving the sp-sheet of actual space. 
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But if P’ is in another sheet, then P could cony 
over it and cover it up, but the potential mus 
remain finite and continuous since the singularity 
is on another sheet. Obvy iously the expression fo 


the potential at P is only to be found by ar 


“analytic continuation” with respect to Laplace’ 


equation, of the solution in one sheet due to 
singularity not on that sheet. If there were ny 
alternative but the “method of images,” wi 
should have to wrestle with the questions of 
topology and find the “law of diminishing bright 
ness’ from one sheet to another. This way the 
method of images becomes a burden. 

If it were not for this law of diminishing bright 
ness, the entire circle B=’ in the rp-plane woul 


appear continuously illuminated with singular 
Its effect would be to show a finite number 


Thess 


would stand out among constellations and faints 


points. 
of first magnitude (depending upon @ 
nebulae. If at a turn of a lever the angle w wer 
gradually altered, there would be certain rationa 
values of w 7, sav w= nem, for which the kaleido 
scopic view clears up. The luminous backgroun 
disappears and there remains only a finite number 
of singular points on this cirele. This corresponds 
to eq 1.19, in which S.(a, 8 8") may be evaluated i 
finite terms. Even then some of these images 
must be considered anomalous, as they appear to 


, 


be in the dieleetrice region on the circle B= B’. 


II. Preliminary Equations 


Those known relations between Legendre fun 
tions that will be required are placed in this seetior 
for reference \lso the known expression, in thi 
coordinates a, 8, for the potential of a cireular line 
charge, whose generalization is fundamental to t] 
problem, Is presented here 

Since « is a favorite notation for a real variab 
and there is no further use of the rectangular co 
ordinate wv, there should be no confusion if fro! 


here on we let c—cosh 8. The two functions, y 


(u(r) and y=) (c) are solutions of Legendre 
equation 


< [(s7—1)y'(r)] (»? 


where for 1- 
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Considering 0< B< @, that is, l<r< @, it is 


r)/T ( W v) is an integral fune- 


vident that @ 


on of the complex variable vy=»,;+/v,, so that 


) r) is an analytic function of », whose only 


‘ 


ngularities in the finite y-plane are on the nega- 


real axis where 


(x 


. ; ] 
These are simple poles of the factor T is v); 


ve 


] 
+10 5 ) Where (n=0 1,2,3,... 


. Vanishes when p n, 


he other factor, 1/T (1+ 


it eq 2.2 shows that 


A I , J 
nd Q, r) is a finite and continuous function of 
for | J 
For all other values of v the two solutions, 
(),-.,(4) and Q r), are linearly independent as 


hown by the identity, 


J 1)[Q, r)Q_, J ( r).@ r)| 
wr tan vr. 2.03 
ff 
cot T (; sie ) 
Pa 
\ Jr 2r)vT (1 
l 
r(,—-) 
~ F | 
2r)- wT (1—s } 
Krom analy tre 
rt 3B 
l ; l 
r(s y)U(s ’ at . 
() J > - ~ oe ‘ 
: =) l 1) T(s l 
ned 
, | I s 
r. J é I ( =p ae, A; a ), 2.8 
hence 
| a P {2 
. l vy oP 
Pr. j cosh 8 F( gta gts’ 1; tanh 
na 
(), Fi r r) log (2 coth B 
cosh B AT 
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continuations of the hypergeometric functions in eq 2.2. and 


For general values of 2 and v, the solution LP, 


r) of eq 2.1 may be defined by 


Col vr 
r)=P_,..,(a : (Q,-., (4) —Q_,-., (W)] 


re 


Whenever Q, exists it is linearly independent 


of P. as shown by the identity derived from 


eq yes 


Considering s as a constant real parameter 


vreater than one, it is evident that the definition 
eq 2.4 


of vy: for the poles of cot vratyv 


makes P, r) an even integral function 
”vware removed by 


the vanishing of the bracket Also the poles of 


l 
either Q-function at 2 yin are removed by 
the vanishing of cot vx 
Using eq 2.2 in eq 2.4 gives, for l<u 


2.6 we obtain, 


Every Q-function of cosh 8 becomes logarith- 


mically infinite when 8-0, for by applying 
Gauss’ transformation to eq 2.6 and 2.4 with 
r=cosh B, we find 
l 
7 \ 
; cosh 8 — tanh g (2 ») - 
B)= ay le ) etn’ 29 
r (v4 7, 
l 
r( 28 t 
tanh B\* ( ' >) otha l 
*] & + J ; . 
2 ) Pret ¥(2etets )—vis+1 








where 


aa , : 
¥ I | 


For the manipulation of certain integrals we 


require only the principal term in the asymptotic 
expansion of these functions. This is needed in 
Iwo senses, the one when i with y constant 


and the other when py with constant From 


eq 2.2 and 2.6 it may be shown that 


When J cosh pb 


2.11 
Hence 
ae l 
, ‘O, and @ Oa ots : 
2.12 
Consequently, 
r 0 ft —= with any vy 
aD 
if | vy (with any vy 
? 1 » 
I , , 
If; O and 3 toy l / l 


Let A=A iA» and 2 


By eq 2.1 and the corresponding equation with 
\, we find, by use of eq 2.10 and 2.11, that if 


l 
I »’ 
i () rida 
| l 
¥(¥+,)-¥(A+,) 
~ if x I 2.14 
\ 
whence 
Q) Q) r\di 
] 


if Xv I 2.15 


Krom this, by use of eq 2.4 and the identity 


¥(: 4 y ( , be) r tan yr, 2.16 
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it follows that 


(2.17 


If the conditions stated are not satisfied. eacl 
If they are 


each converges absolutely because of the eX po 


nential factor arising from exp | (» LU ) 3 1 


eq 2.7 





of these three integrals diverges 


la the second sense Wwe consider pb fixed 





0<B< a 
When : I iV x there is the know: 
asvimptotie term. 
2 
Q) h 8 —. 2.18 
f cosh 8) ~ = ’ 2 
\ 2sinhs ,> 
which becomes zero or infinity according as », 0 or 


y<0. This also applies when »—> along the ne 


ative real axis of vy without passing through tl 





l 
poles ol at vp ( ae ). 
Whence 
a 
: T es 
i) cosh 8) ~ +) 9 2? 19 
‘ » = 
\ ? sinh B \ 1 
ad 
and by eq 2.4, 
fl 7 4 i yp? 
P cosh SB)~ c 2 
\2r’ sinh B 
where upper sign is for 0, lower for "<0. 
Whence P always becomes infinite when t] 
real part of vy Ul. e. 3 becomes 
On the other hand if », while », rema \ 
finite, each of these functions vanishes, and 
such a manner that, when <u ©, the integr 
along any finite abseissa 3 
. > 
»F(v) P,_.,(2)dv and 
vk () J(u dy 
‘ - (2.2 
will converge if, and only if, 
F(v)—>0 when r.->+ @ J 
Co 
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=Uor 


The 


ar 








Another relation that will be required may be 


rived from 


P ] i: dt 
} ‘Os 3 
, mead [2 cosh fe} t 


. O<pB 
tor (°<?) 
2.22) 
iis is, in effect, Sehlafli’s integral, and is shown 
be equivalent to eq 2.7 by expansion of the 
egral. If this is written 


dt dt, 
d the variable of integration ¢ is replaced by 8’ 


ere 2e | f cosh B—t) in both, but 


B’ 


{=< \ | 2¢-® cosh B+ e7-v 8’ 
the Ist integral, and 
t—e8' + 4 
the 2nd integral, it is found that the two in- 
; ic 
S,(a, Bia p > a i) cosh 
>» €n cosh 8 
T 
cre € % lior # () The series converges 
hen B=,’ provided that cos a¥ 1 


When 8’ +0, the line-charge shrinks to a point- 


and this becomes 


irge on the s-axis, 
) 
) as 
S-(a, 8B, O 
y cosh Db COS a 
3 | 9 
€ ( cosh Db) COS Tha, a 


ch converges for all values of a when 0< B 


not when B= 0, since each coeflicient OC 
if COs v (rr ( 
S a, pB,.p 
/ COS yr 
re 


l 2r when B28’ 
- I and ( 9 ,): 
, » ft) a r when B=8 


| COS V(7 
S,(a, 8B. 8 | 
Th, SIN yr 
] ( COS v (rf a 
Ti. Sin yr 
The substitution 1 vy’ in the 2nd integral gives 
j l ( COS v (fF a 
— 
et. Slli vr 
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S400518 at) 


() 
‘ 





tegrals are equal, so that 


| . 8 ds’ 
Q cosh B 2.23 


\ 2/8 


y cosh B’—cosh 8 

For reference, the appropriate expressions may 
be placed here that represent the potential at any 
or Pla, 8 
circular line-charge Af’ 
P’(a’, B’ 


It may be 


which is due only to a 
with trace at P’( 


point P rp 


pp}, \t. €. 


AM’ 4 


written = pleosh 
Ps by 


#)} [cosh 8’ 


b— cosa 
Bp’). 2.24) 


where Sx is never negative and defined by 


9 
S,(a, B, B’ — [sinh 8 sinh B’]>"°@ 


COs a »o- 


sinh 8 sinh @’ 
The so-called addition-theorem for this function 


cosh 8 cosh p’ 


Is 
r cosh 8B) cos na if O=8B=8’ 
Pp cosh 8’) cos n aif 0 =p’=8B., 2.26) 
then becomes infinite. However, 
l 
S (a. 0. 0 2 IN 
ar 
sins 


since the radical is always positive in eq 2.27. 


The preceding series are useful, but we may now 
derive an integral representing S,(a@, 8, 8’) more 


Both 


eq 2.26) may be derived from it 


useful and comprehensive forms of series 
also it converges 


even when B=’ —0. 
di » Ht) 


cosh Oo 


P cosh Db P 
To prove this, first take the path along 


constant where 0 cosh B 


: and replace P 


by the second member of eq. 2.4, which gives 


@ cosh e) Pr cosh B’ adi 


( cosh re rig ( osh 8’ di 
sinee r ’  - 
cosh 8’) di 


cosh g) P 
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This path may be translated from the abseissa—»,, to that, +», >0, of the original path, taki: 





) 
inte account the contribution to J, of amount ~ @ cosh 8) P_. cosh 8’ of the pole at »=0 
Henee if 0 @ < 2x, eq. 2.29 is equivalent to 
, 2 > , ? ‘ COs V T o . 
Sa, B, B Fa cosh 3) / cosh B ( cosh 8) P cosh 8’) dy. 
T Wi SIM vr 
o % 


where O— 3 l 


This is valid when 6 and ~’ are interchanged the path of the integral is along any abseis 
When 8’< 8, the asymptotic expressions (eq 2.18 vy; constant, which lies in some half-plane, to | 


and 2.20) show that this path may be closed with found, say 


an infinite semicirele on which », >0. It then 
encircles (in a positive trigonometric direction i ae © and 2 < M< 4 5) 
the poles at 1 / i, a © where sin yr—0 4 
The sum of the residues gives the series (2.26 This implies that 
The spec inl case B’ —0 of eq 2.29 gives on refer- 
vF(y) is analvtic in this half-plane i 


ence to eq 2.27 the integral representation, 


It also implies that Flv) vanishes in a certair 


) 
S,-(a, B, O = 
ycosh B—cos a manner when v in any direction lving in t] 
7. half-plane 
COS vir a 
P cosh B)dy: pa In case fir)->e© when sr +l, the integral 
COS pr é 
5.1la is only require l to converge for |] I | 
| , O<ax nr if 8x0 that case, as shown in eq 2.21, it is necessary tl ( 
WwW Te I il ( » ) 
mere — 5 2 \0<a< 2x if B=0 
vy? FU when pe 5 


It mav be noticed that the value of S.(a, 8, B’ ; 
In case f(1) is finite, the convergence of eq 3 


rat be found from tables of the complete elliptie 


7 - a . . TOT ’ es “4 
integral AY with modulus / Equation 2.7 shows for r=1, (where / : 1) requires 
that 
4 : vF iv) is bounded when po. 2.2 
(4) =2yk Ath 2.32) 
This condition shows the convergence 
where kK=sr— ya l1—« ® when «—cosh B , 
| »F vidy, where the path p is an infinite set 


III. Integral Representations GE @ GreR suckle that cheues the tk. Sloe by eq 
Function ; 
| vy )di | vF\(yjdv—0, the first integ 


up the problem formulated 
converges 


We may now take 


im eq LG Let flu be a funetion of the real 

variable, c-—cosh 8, for 1<s ©, Which mav be Let 

given arbitrarily in this interval except for certain GO | fir) (Qh vide where k—2.-+-2 

restrictions to be found. Consider the problem of 

finding the funetion Fi») of the complex variable \ssume for the moment that restrictions on 

which 1s th solution of the integral hature of f(s Thay be found tl abare suffi ‘rent 

anes make GA) an analytte funetion of Xin the h 

"ey plane 3 A, and to make G(A) vanish like F 

\)=— VP») P rdvfor <r ce, (3.1a specified in (3.2 a, b, e vy is to be four 
E Take a positive abscissa d= vp e, 1 O< wm, ora 

where an essential part of the hypothesis for when »=0 where ¢€ is a positive constant, 2 


determining I is that this equation holds when trarily small 
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kin 


ea 


| aking v 


eral defining G(A) by the integral (eq 3.1 a 


I da vk l FP’. J dy 





We may prove that Fv) = G@(v) in the half-plane 
and the conditions (eq 3.2) will then be 


herent for the con- 


G Vv 


in those cases where pv () 


ation of the equation Fi» down to 


shnegcative v 


The validity of interchange of order of integra- 


mav be secured by taking A, >a, 
rds 
ce 2X a l oO. we 


have by eq 2.1¢ the abso- 


lv convergent integral, 


P vk (i 
\ | ’ dy and by eq 39 or 


Ye, this converges absolutely so the inversion 
Also. since F 


this path may be 


order is permissible Vanishes 


Closed by an infinite 
micirele on which »,=a>0.) It then encircles in 
sitive direction the single pole at I (‘onse- 
ntly by Cauchy’s theorem G(A)= F(A) when 
\ that is, FG Gy 


Pherefore, 


for ad 
holds 


its solution is 


when eq o.la for the half- 


ib 


he eq 


. In the half- 
The value of 1 depends In part upon 


re the path Is along any abscissa I 


nature of fic) when «w->@, see eq 3.17 below 


ise yy Is hegative this Is equivalent to 
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aineq 3.laand replacing f() in the 





where the path is along any abscissa », in the strip 


v v vy Where i () 
Relation (3.5 a) is derived by noting that the 
function 
F(—: fin) Q rdr is analytic where 
Hence, when, and only when, 
vy 0, there exists a strip in which F(v) and F(—»v 


In that case, 2, J 
may be replaced by its definition in eq. 2.4. In 


are each analytic in eq 3.4 


the resulting integral with @ ~ make the substi- 
tution p v’ and then translate the path to the 


original. This giveseq 3.5a. He we lets vy’ ineq 
$.5a and then recover the path by translation, this 


fives 


where l i 


Taking half the sum of eq $.5a and 3.5 


lise of eg » & 


| . 
ha : tan al ryd 
. 
fia P r’\da >.) 
where 1 | l 
The last three representations of flr). eq da. b. 


¢, are of limited application compared to the first 


In eq 3 $ since they require that », be negative, 
the imaginary axis »,—0, being than a possible 
path. It is evident that they apply along the 
imaginary axis when e% ?f (cosh B)--O as B->@ if flu 


satisfies the other conditions to be given in eq 5.0a 


and 3 6b below. tor in that the integral 


Cust 


Jf . , rjda will converge 
e 


When fia 


to be 


satisfies certain sufficient conditions 
the 


hunetion is re prese nted by eqs } hha be indieated 


given in eq 3.6, sense in which this 


as follows: 


Kor this let 


ou limit) (limit) J (rye). 
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If ris: is not infinite, we may 


i port at whieh f(a 


prove that Olu | / J ) flu 0) 2 or fla if 
this is a value of + where f(r) is continuous 
As before it is sulle int to take i} a=vp x 
ic ¢ ", 
Olu ( lim ) lim) fir’\da / riQ 
vyP cosh 8 ( cosh i dy. 
where 4g cosh 8 and cosh B 


It is here assumed that the constant vis a value 
for which the assigned function f(r) is not infinite, 
but also not necessarily continuous 


In the y-integral the integrand is an analytic 


function of v, that is, without singularity at any 
finite point for which Hence the in- 
tegral from the point a—in to am (where 
a>O0) may be taken along any path between 
these terminal points, which lies to the right of 
them. Taking the path as a semicirele of radius 

we may then take » so large that the integral 


(4 ( lim ) ( lim ) aX 


is of 


and that f(s 


finite interval, this limit 


Assuming (3.6 a,b. e¢) below, 


limited variation in any 
becomes by Dirichlet’s theorem, 


| 


[fieoshsB ‘) ficosho ‘) 


Which is the mx nhning ol 


The following restrictions upon /(2) are sufficient 


to make its transform, F satisfy the conditions 


eq 3.2a,b.c) and to define the limiting abscissa 1 


In the interval 1<s there may be at most a 
where f(r) has 
None ol these 


that is, fir) is of limited 


All are such that 


finite number ol points j ! 


finite or infinite discontinuities 


pomts are limit-points 


Variation in any finite interval 


unv finite uv 3 6a 


fis) dx converges tor 
which may be posi- 


that 


There Isa real constant o 


tive, negative, or zero) such when s—cosh 


p 
3.6b 
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of the x’-integral is the transfor 


The limit s2)->¢ 
Fv) of f(2) (3.8 
solutely and also uniformily as to v, in any fini 


and this integral converges a 


interval ae ee Henee taking »v,—a >0, 
*s 


, l f ; , : 
r’ yd lim ) lim ) sinh B’f(cosh B’)dB 


will differ by an arbitrarily small amount ft 
that which is obtained by use of the asymptot 
2.19 and 2.20 


expansions (eq This is 


vP (cosh B Ad cosh 8 )di 


. 


. ‘ 4 di 
2ysinhssinhp’, 
1e° ‘PP Sinn p—p 
ysinh Bsinh gs S—p 
Hence 
j 
isinh 38 sinno—p 
ficoshB ’ dp 
¥ sinh B—B 
where ((r) is bounded. Similarly, when 4 
fir) ~¢ I I ] ( B)(1 é 
where F = 7 
t 
or fir) ~C., low (a 
( x bounded 
Referenes to eq 27 shows that the limit 


abscissa of the half-plane, in which - is analy 


is the algebraically ereater of the two 


The proof of this, that is, the derivation of 


three conditions eq 3 2a bie from eq 3.6a be 


vy defined in eq 3.7), may be made by investigat 


the series obtained by use of eq 2.4, which is 


. . 


rida sinh Bf(g A 


f(cosh B)dB8 


— 
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ale n 8 is large the most important term is the first consider the ease where the only singularities 








a <0), and it is evident that the convergence of f(r) are at r=1 and s x For this purpose 
a his integral at the upper limit is secured (what- take for comparison the funetion 
the value of 6 by taking v >y where Vo IS 
ed in eq 3.7. This will make F(v) analytic in f(r) =fi(cosh B) = e-%(1—e-*8 » (3.9a) 
half-plane I Yo aS required In eq 5.2a 
or the remaining conditions (3.2b, ¢) we may whose transform ts 
] ] l l 
vey cP (st3) 0 (ste) r(o43[>+3-3]) 
Fi (v —— - o.9bD) 
; P(s+-1)P(s+v-+1 r(s t a 6 >| 7) 
= 2 2 
iO : 
re y=2(1—4 Since 7 is positive this series this would suffiee when eq 3.9¢ ts proved. 
verges absolutely in the half-plane and we may To prove this we have 
ww that: Fv) is bounded when v->@. 5.9¢ 
> I a l 
] . » . ~ ~ 7a ,r ) , ~1e lyaroe 
eq > 2b Wwe have Zz 26 a SINCC O,« { For I rs ¥ . “A ro ( : whe net large. 
Yer . 5 () M4 . ae ' S . ' : 
2e¢ when ,f1) finite, PF G Is bounded Henee in the series of eq 3.9 b, v may be taken 
Since a positive constant WV could be found such so large that the series will differ by any pre- 
ae MF y(y)|, assigned small fraction of itself from 
: l 
(4 ( ot 5) 
Fi(p)~ SUS . : 


$e y (s r+) («+5 [+3 ]) 


so that for suffi iently large finite values of y, 


y ~- 
\ ¥ 
re C; and ©, are positive constants, and 
ri'(4 I(y) rity ] | 
Hy ’ ; r : F( 5, » y+, 1). 
r(vt+,) " P(vtyt5) ‘ 
env is large this becomes so that when vy exceeds a certain finite value in 
. r the given half-plane, 
rr 
II(v)~ : ; 
I 
I ( .T @ ) VF I Fy 
. = l ] ] is bounded 
replacing v SUCCECSSIVCLY DY v 7 aT (; T ) 
i ie 2 2 2 It remains to consider the internal singular 
s evident that the inequality last) written, points of f(r) at 7,4, > . . . Since these are all 
isto subject to the eondition of eq 6 Oa it is evident 
Ay ' A from the integral (eq 3.8) that they can have 
v vy nothing to do with the boundary v= vp of the half- 
“h 
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plane in which F(v) is analytic. It may also be 


shown that they contribute to Fi(v) terms that 
vanish more rapidly with increasing v than the 
principal terms in eq 3.2b, ¢, which are determined 
by the nature of f(r) at u | The proof could 
be made by use of a comparison function, which 
where 


is a linear combination of f(r) and of f(a 


fols a for | I ri. b for a I 0. 3.10a) 


The transform F.(v) is found by eq 2.1 to be 


3.10b 


l 
which is analytic in the half-plane > -=»y<»,, this 


vy being determined by the fact that f.7) is bounded 
Also when pee, Y r)--0, as in eq 2.18, so 
Vv F, v) 


and 6,0). 


is bounded (as it must be since f,(1) =a 
For this example the integral repre- 


sentation (eq 3.4 becomes 


a for l=a Pi. b for a I x ~ *e 


] 
where | 


In partne ular 





l ‘ vP I . . , 
: hh l for la x 3.51 
wi. | 
y 
} 
l 
where 5 <<” 
] ( vl) r,)P r - 
wi. ; | 
; } 
l : v9 
Qforl=v . for uv I x 3.85 
J l 


In general for a function f which becomes 


infinite when xs--.7,—0 in such a manner that 


fir) dr converges as in eq 3.6a we could 
choose a positive constant @ so large that 

hir)Q@ ryda a , rydr. 

J! . 


One could show by comparison with f,(7) and 
Fy(v) that the internal singular points of f(r) do 


not affeet the conditions of eq 3.2a, b. « 
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The alternative assumption placed in eq 3.6¢ 0 


a function that becomes infinite like log (¢—1 
when s->! is illustrated by the third exampl! 


fs(2), which could be used for comparison, 


Aes f,(cosh B » ey Qs_1 (cosh B) 
. j 


which is an integral function of 6when B>0, as 


then converges for any finite 6. From eq 2.1 
— 
with y=6—, it is evident that when 8--0(2r-+1 
l 
f.(B)~ - log (4 l)~ log B. 
We find by eq 2.14, 


Flv = : 3.12b 


which is analytic in the entire v-plane except ft 


the pole at » 6 and those on the negative re 


, l ~_ 
axis at p (» ta ) where n=0,1,2,3... TI 


as 
» Is not a pole, since numerator al 


point y= 6 


denominator of Fy both vanish. 


Hence Fy (y 


is analytic in the half-plane defin 
in eq 3 


-_ 
The psi 


function has the asymptotic expansi 


¥(o+3)~log (r+})+20r0 (1) 


so 
] 
k log (v + 5) a 
ditt y-V(6 tzere( 4 
log ( | 2 
and v!,F (vy) ~ a as in eq 3.2b. T 
v -1'(6) 


integral representation (eq 3.4) of this funcet 
becomes, after replacing 6 by A+- | where A\=A 


io, 
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} - ~ P 
Ti. 1 
/ for ] / ) l ’ 
] 
here r and = I 

\ fourth example with 6—, ts 

\2 
f(a . 3.l4da 

yu l 


i) T 
FyG 2 | : r\da 3.14b 
yz—I v 
Equation 3.4 becomes 
ye 1 
r ridr for 1- rma 3.150¢ 
\ - %, 
where 0< py 


This isa special case a 0, of 


y2 l< »* x 
f-(a where ( . ) 3. 16a 
J COS a U=eas T 


Pisyan" 2) : 
COS yr = | 
(«+5)—: 
| ( cos \(7r7—a rT COS vr 
dx t 
cos Ar i 


2 — , 3.16b 


hich is analytic in the half-plane 


l rw tan vp 
2 oS r ti r 
O<n< since 2 > - 


( wills : ) i : 


The integral representation of a function f(x) as 
eq 3.4 and 3.5a are special cases u—0 of the fol- 


wing integral identities involving associated 


-onductor Bounded by Two Spheres 


Legendre functions P#_ (7) and G(r), where 


the constant w=) + /m ts arbitrary 
‘ l 
» ( v aT =} 
iT COS MT. ‘ ] 
i(vt+u—s) 


| f(a’) r’\dr’ for ] I x 3.17a) 





_ l 
where , 0 v x and (xu T 5) , 


0. for the function fla 


| 
; r(v—ut,) 
it COS un! r( ‘ 


and in case 6 


4 i 0 and ( u T ") 


In the present problem the potential has as- 


where ( 6 


signed values (which are axially symmetric) on 
the boundry of the conductor In the more vrel- 
eral problem these integrals would be required for 
w=) or any positive integer. 


Similar identities could be given in which the 


lower parameter y is a constant, the upper « being 
the variable of Integration | have obtained else- 
where! integral identities in which the develop- 
ment-funetions are solutions of a general type of 
differential equation. For the range » << a 
these may be specialized to give Mellin’s form of 
Fourier Integral, and for the range 0 J mr LO 


give Laplace’s transform, 
IV. Potential With Given Values on Bound- 
ary of the Conductor the function S 


Let Via, 8) be a potential that vanishes at 
spatial infinity and has no singularities at any 
point in the dielectric region DV corresponding to 
the strip of figure 2, b, 0<a<w and 0<8 


The Hypergeometric and Legendre funet NBS Matt 
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At the boundary of conductor, a Qand a Ww, 
the potentials V0, 8) and Vie are given 
functions of 8 


Writing 
y cosh 8—cos (a, 6) Wa, Bp), 


the function of Woto be 
eq 1.11 without singularities in the strip of figure 


2 > b, and which takes on the boundary values 


10, 8 


ycosh Db cost 


V(w, B 
ycosh 8 COS (w 0 


Since spatial infinity é and 


infinity if 


corresponds to @ 
B=-0, eq 4.1 shows V will vanish at 
Wia.0 

In determining W 


is finite 


with assigned boundary 


values fila and f(r), one could forget about 


{sih vViw—a P 
’ hilar am 
( SUL vw Ji : 


Was . ol”. tai 


In this equation the function S.(a, 8, 8’) is by 


definition an even periodic function of @ with 


i 


constant is in the narrower of 


COs ViW c 


Sula, B, B 


Sill vw 
where the path , 
the two strips, 

l 


so tan r+ a 
w (so l/sin rw a 
, 

cosh B)l 


cosh 8’ 


where 0< p Tw 

The same is true with 6 and 8’ interchanged. 
, } ee 

S. a,p p €,@ 


ll 
Wy, 


found is a solution of 


tan vr’, Ly 


(When 0<w<2n), 
the method used in getting eq 2.30 from eq 2.2 


dae io —1g(COSh B’) Paya 


figure 2, a and the application to potential, for i 
is then obvious that the width » of the strip u 


figure 2, b may be any finite constant. Som 
definitions of funetions that will be useful ar 
thus obtained for w=n- and w=naz/m, in whiel 
ease the function of fundamental importance may 
be obtained in finite terms 

and fo(u 


Suppose the functions /\(7) satisfy thy 


conditions (3.6 a, b. e) where 6 of eq 3.6b is eithe: 
6, or 6 
If we also make the restriction 
(where 6= 4, or 6.), 
this permits assigning boundary values of potentia 
that become infinite when 8B +e whatever the 
value of w, but it only permits f; and f, to becom 
infinite in case 0O< w<2r 
By this condition the boundary v, = vw of eq 374 
of the half-plane, where eq 3.4 applies, lies to th 
left of » riw. Henee the required W-function is 
by eq 3 } 
P P Sith we 
dx’ + : 
Sin Vw) 
Sill va 
' sin vw 
COs Va 


Silk vw 


where 0- 


\W a, B, 3’ dr’. 


period 2a, which may be defined for the particula 
period-intery al w<acw by 


cosh 8) P,_1,(eosh B’)dy, 


the first is the narrower). 


it is found that eq 4.6 is equivalent to 


ae (,—1 cosh B)P, Ly cosh B’)dv, (4.8 


Sul vw 


closing the path this leads to the Fourier series, 


Mra 
’ (4. 


1 (cosh 8 cos 
3 we 
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wn 0O=B=—'; otherwise these are to be inter- 

anged 

Phe 
( of eq +.4 and $5 


form (4.8) shows immediately the equiva- 


The singular points of 


») 


2nr/w, B=B’, where n=0, 1, 2 


are at a > . 
Hence if x is irrational the functions 


and S, have only one singular point in common 


a=—0, B=,’ 


The period interval w<a<w was taken for 


he definition of S. in eq 4.6 in order that 


‘O when V2 


some purposes it is more convenient to con- 


ler @ in the interval 0< a@< 2a, so that the sin- 
ilar points are on the boundary of the interval. 
\ny expression that represents Sw for the interval 
sufficient for all 


The periodicity combined with the 


to determine S 


a Ww IS 
alues of a 


fact that S. is an even function of @ gives 


O, when a 


when a 0, or 2w if BX’ 


, 


when a 0 if B=B 


when a—-2w—0 if B=,’ 
1Ob 

and S,(a, 8, 8’) each 

but their differ- 


functions Sula, B, B’ 
and Bp’, 


The 
when a 

remains finite 
When a0 and Bp’ >0, 
me logarithmically infinite 


both be- 


since the singular- 


functions 


tv is a line-charge 


, | 
a,p,B)~ 
rsinh g 


t.lla) 


£2. 


F(—) 20 


plus terms that remain finite In case B’=0 and 
a0, 8 >0, the singularity is a point-charge and, 
as in eq 2.27, both became finite 


S.(a, B, 0) ~S,(B, B, 0) ~ +- finite terms. 


t.11b) 


Subtracting eq 2.29 from eq 4.6 gives taking 


the path up the imaginary axts of 1 


COS VU T a ] 


cosh 8’ ite 


S a,B.p S-. a, B.B’) 


i¢ 
| cos Ww a 
"« 


P cosh B)P, 


COS vr 


Sill vr 


SUL vw 


*. 
~W. 


where a %r and a 


For a (), this becomes 


0,8, p’ S.(0, 8, B’ 


if tan vr : 

1 | Py age) Py aga’) 
.. tall vw P 
the bracket when v-> x 
series converges, as shown by eq 2.21 if Band g’ 


are not both zero. It will be shown in a follow- 


ing section that eq 4.11b is true 
1.9) is of the form 


Since vanishes this 


The Fourier series (eq 


1 


Ww 


> 


where the coefhieients Pe | depend upon @w and h 
in the particular form as a function of naw or 


suppressing 6 and p’ 


< 
> oF 


F (> )eos(S 


positive integer, and replace a@ by 


} 
> Dat 


Summing from /—0 to? 


es 
COs ( a 


WwW a 


0, when n/m is not an integer, 


7 COs ( 
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S40618 an S 


hra 


w fh 


an integer. 


) when nom 





This may be written in the following forms in 


which the argument of every S-function lies in its 


first, positive, half-period interval 


kor ) as 


a,B,B" 


\ leosh 


Proof The 


ment, @ a 


second function with positive argu- 


2w, has no singularity in this period- 


, 


interval The first has only one (at a=a’, B=B 


and by eq 4.10a, together with eq 2.24, it follows 
that S. at this point differs from S, there by finite 
terms 

The potential V 
a=6, B=0 
vanishes 


Also W 


a0, because S, is an even function of its first 


Vanishes at spatial infinity 


since the radical in eq 5.1) then 


vanishes at the conducting boundary, 
argument. At the remaining boundary W, van- 
ishes since S, is also periodic in its first argument 
with period 2e 

Hence this W-funetion is the Green’s function 
for eq 1.11 whatever the value of w The potential 
- is. the 
equation If O0<w< 29 


Green’s function for the potential 
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> [5 [= + @B,B" )4 oe ( 1, BB )| 1.12 


where the sum is absent in the case m1 
Taking w=, gives (by eq 2.32) S,,(a, B, B 
terms of a finite number of complete ellipt 
integrals 

In particular for B’—0, this gives, by use 
eq 2.51, 


\ 


S- P ab .0 \ 2 


— 


\ cosh 8 


where the radical is always positive 


V. Grounded Conductor Under the Influ- 
ence of a Circular Line-Charge, Green’ 
Function 


\ total charge VJ’ in the shape of a cireular lo 


charge coaxial with the s-axis has for its trac 
point P’(r’,p’) in the half-plane of figure 2, a 
P’(e’, B’) in the f&strip. Consider P?’ in tl 
region (D)) (0<a’ <a The 


with that of tl 


cieleetrie potent 
of this 


charges it induces on the conductor 


line-charge, together 
at zero pole 


tial), is given at any point (a, 8) in (1?) by 


4 | [cosh 3" 


Sserics 


Using the 


cosh p’ P 


Mara na’ 
sin ("**) sin("* ) 
Ww Ww 


when 0=8=8', otherwise 6 and ~’ 
interchanged. 


If 7 r+ p*, eq 1.5 leads to 
\ f | 


} ycosh B—cos (a ti] 


ie 


The total charge MZ induced in the conduct 


is given by 
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leosh B’ 


V/ 


Wr’ 
\ 


ycosh B’ 


The surtace density of charge on the boundary 
the function of cosh 8 defined 
OV on, is the linear 
ment normal to the conductor, pointing toward 


= eda 
,dn at the are a () 


cos 7 
cda 


COS 


conductor is a 


tro (cosh B where dn 


cosh B 


at the are a On 


cosh re) WwW 0 


first are, a—O, the density is given by 


M’ 
,2 \ 


D.S.(a’, B. B’ 


cosh Bb’ 


cosh B 


yy tha second are, 


cosh B 


5.6b 
we consider 


write 


for previous Sa, 8,0 


When the radius p’ of the line-charge shrinks 
ro, there is then a point charge AZ’ at P’(a’, 


the v-axis The potential becomes 


5 Sb 


he induced charge 


V/ VW’ | sin“. 
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cosh p 


leosh B—cos 6] 


uM’ 
cosh Bg 
lcosh 8 


COs Ww 


5.9b 

For comparison with this, the logarithmic po- 
tential a,B: a’, 8’), which is a 
D4-D; 0), ie corresponds 
to two endless line-eharges each of charge m’ 2 
per unit: length, 


solution of 


analogous to eq 


perpendicular to the plane of 
igure | 


The conductor is now bounded by two endless 
Oanda=w. The 
a << and 
P*"'(a’,—p’ 


circular evlinders with trace a 


two 


parallel 


line-charges 
that 
The potent ial is 


my cosh 
me 
rs “~ cosh 
m’ cosh r : Ww 
log P 
2 cosh us wW 
When the two line-charges come together to make 


p* a’.0 


are at 
Is, a a’, 3’ 


cS; p and 


COS 
COS 
COs 
COs 
one of st rength m’ 


with trace at on the 


r-aXxis, this becomes 


a,b: a 
, cosh 7B w 
m’ log 
cosh 7B w 
The charge induced on the evlinder ts 
unit length 


COS T\a 


COs T\a 


m’ per 
It is distributed with surface densi- 
ties, per unit length, perpendicular to the plane 


of figure - 
. 
COS lw 0 
COs ra’ Ww 
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on are a=, 


cosh B 


cosh 78 w 


cost 
2ro (cosh B 


COs Ta 


and on are a 


cosh B 
2ro,(cosh 8 


cosh Bw 








VI. Potential of the Charged Conductor in 
Alone 





23 leads to 


tegral expressions given in eq 


S.(a, B 
The formulation of this potential will be simpler 
o a J2¢ dp’ ~~ 
if we first evaluate a limiting case of the S-fune- Wr, neat 2e,e~"""" © COS NTa/e 
, , > JB ‘osh { cosh g 0 
tion. When 8’=0, this is given by the second ai van £ - 
series (eq 4.9) for all values of @ and all positive , 
| ' I Since 
values of 2, 
. — — “5 Sillie sinh 2B" /w 
S a,p : » € @ cosh 8) cos _— had — En COS UTA)W cosh (rB’w COS ra/w 
Ww Ww 
Replacing the Q-functions by their equivalent this becomes 
. V2 ‘ sinh rp’ Ww dp’ 
S a, b 3’ ? 
) Th Te ; . 
7” on cosh cos y cosh B cosh 8 6.1: 
Ww Ww 
or 
ot sinh sdr 
S. (a, B \ , 6.11 
T JB % Ta / wr 
cosh a cos i cosh cosh 8 
w \ rT 
or 
af sinh x cosh rdz 
S a,.p - 6.1 
T JB Ta wd D 
cosh? 2—cos” a sinh? sinh? > 
™ zw \ T “ 
These integrals converge except at singular points, T 
7. & G.(a, 8) =S.(a, B 
a 2nw, B=O0 rp 1 ot 
w cosh? cos” 
) > ). 
\ ao am KX 
To put in evidence the nature of the singularity g a % se _ 8) 
7 ’ A a , O.2 
of S., we may now define a function G.(a, 8) : ; 


that is finite for all real values of a, 8B, and oe, 
and is an even periodic function of @ with 


pel iod 2w 


To show this replace @ by in eq 6.1e and th 


replace a and 8 by raw and r8/w. This giv: 


after multiplying by /a, 


i ra ro rT ' << na ro 
. ( ; ’ ) aw © cos ( )Q, ( cosh ) 
w ~ * rp Tra @& oS a 
aw cosh” 5 COS” 5 
\ 2a 2w 
2 sinh + cosh x dr 
us , Ta } ro \0 
cosh? #4£— cos" 5 sinh? «—sinh* > 
8 -W \ WW 
Substracting this from eq. 6.1 gives 
9 r) , . 
y sinh x cosh u l T 
G a, re — dr, 1) 
T Ta f. wr Tp 
cosh? 2—cos* 5 sinh? sinh? 8/2) @4/sinh’? r—sinh’ 5 
e/ «8 <W \ 7 \ <-W 
which becomes when 8=0 
2 ; cosh i sinh t T 
Gy a, U -— dr. b 
us , Ta wl Ww 
( cosh? z—COS’ 5 ) sinh 
0 a~W T 
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\\ hy 


W hii 


Sone 














This converges throughout the period interval, 


voundaries included, O=ax=2w. This is evident 
2w 1, the value 


is the 


from the fact that when COS" (Ta 


the 


° | T Ww 
hite Quantity ( ): 
- a T 


W T 


if the integrand at lower limit, r=0, 


Using the series in eq 6.3 gives 
t ‘ Mra 

Gy a,p a €, COS ; 

aw — 


cosh B , ( cosh = )]: 6.5 


we find from 2.10, 


TD 
lim @ : cosh 8 , ( cosh 


6.6) 


} . Nima 
(; aU yoy COS 
| nr, | T 
] } f 4 4 co 
| ¥( y v(y a) log | 4 
P | Ww 
When n is large this bracket is [ |] ~ 
24n* 
which shows that the series is absolutely con- 
vergent for any real a 


Now consider the potential (5.8a), which is in- 
duced by the point-charge M7’. The charge, 1 
nduced on the conductor will vanish if the point- 
harge of constant strength, 1’, is moved to 
spatial infinity (a’—>é 

Hlowever, if the strength 7’ of the point-charge 
and in such a 


~ allowed to increase as il recedes, 


manner that 
lim sin’ : V°=lim M 
the M 


ll approach a finite limit, which by eq 5.8e is 


hen induced charge on the conductor 


M=eV§S.(20,0)+lim] | —S.a’—0,0) | 
eo sin™ ( 
Via. 6 yo] \ cosh B — a 
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This limit exists and may be put in terms of the 


function G,, for 


a l a | 
lim lim( ). (0. 
ow t_ sind Sin J ‘ a) 


Hence taking 4 a’—6)/2 and a=7/w, it is evi- 
dent that 
l : > ’ , 
lim : S..(a’ —98,0) G(0,0 6.8a) 
y? a A 
sin 
») 
which is finite, so that 
a 0 ’ : 
lim sin ( > )s a 0,0 - 0) Sb) 


without integration, the following 


We thus find, 
expression for the total charge J on the conductor 


existing alone (and therefore at constant potential 


M=cV%S 


| 2A () G 


0,0), 6.9) 


ol by eq t) 2. 


V—cV : +7 (90.0 G(0.0) |: 
WwW SIN (70 w 


6.4 
The potential (5.8 a) belonging to this charge 
becomes 
|" ra 8 \" \ cosh Bb — a 0 s se 0.8 
S. (a 0,5 |. 
This vanishes at the conducting boundary a= 0 be 


cause Sy 1s even function of a It vanishes 
at the 
periodic in @ with period 2 & 
At spatial infinity a= 6, B=0, 
0, but by eq 6.8 b this is just y" 
}° find the 


potential of the charged conductor alone, in the 


other boundary, a=w, because S is 


it takes the form 
Hence by 
Newtonian 


adding the constant we 


form 
( cosh 8 COs la ( 
\ a,p \ l > [S a 4.5 
- 2 
: / 
S a 4.8 ir t) 10 
This may be written, by use of eq 4.9, since 
B’=0 by eq 5.7, 
8 am nrd nra 
au Uns cosh 8) sin sin . 6.1] 
T Ww Ww 
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By use of eq 4.8 with 2” 


us an integral The occurance of the 


value a—@ in the integral presents two cases 


C'nse 1 (O=ax=8@ 








\" cosh g COs la 0 
\ > 
tf sin va sin v(w—# 
() 
Tl, sin vw . 
where 0 1 TW 
C'nse 2 (A r 
Via, 8)=—\ 
= cosh 3 cos la “ 
| \ ' 
} P Sin ve Sil viw a 
i) 
Ti Sin Va . 
where ) I TW 


The method of finding the total charge 
on the conductor is based on the veneral property 
of the Newtonian potential of any finite distri- 


bution of total charge 


V/, as in eq OA, 


limit (Vo V/ 


To chee k the eXpression 0 


eq 6.10 by r where, as in od ».4, 


Cy2\cos a 


cosh 8 COS la “7 


\ | t / 


which becomes, when ¢ is large (6 and a 


Cy. ; 
? 
4 cosh B—cos (a—4 \ cosh? 6 2—cos (" ) 
leosh B—cos 6] (OV 
2re,(cosh 6 (ea) 
and 


Cost oO cos ff) } 


Oo cosh 8 T : ‘( 


| sing these densities vives 


V/ dv | 


T siti 


CVF 0.0 
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0, this may be written 


absolute 


cosh B)dyr. 


6. 12a 


cosh B)dy, 


6.12b 


eq 0.4 


we may multiply 


Asmall), 


lcosh D 


_ 
his gives 


\V/ { l 
at li m ( 


B > Uy cosh? ‘ 


S..(20, 0 lim ls 


T l 
Tan Sill a 
ys 
® SIN ., ; 
-u4 


by eq t) » 
S.,(20.0 G0. 


verifying eq 6.9 
For general values of w, the 
6.9)’ for total charge cann 


finite terms The next sectio 


with its series expansion and its transformatio 


into a series more suitable for 
The direct method of getti 
in evaluating separately the 


sponding to the boundary a 


‘expression OH.) « 
ot be expressed 
Nh, \ Il, Is concer 


computation 
nye V/ would consi 


M,. Cort 


charge 


0 and the char: 


VJ, on the remaining boundary a= @ 


Thus 


») * y 
2a (cosh B) sinh Bd 
V/ 2n f po, (cosh B)ds . 
J a cosh 8 cost 
ol 
. . } 
wo (r)da 
\ - 6.1 
I ‘ la COs A} , 
and similarly 
Pro (ryda 
M.=« | | 6.1 
. | COs lw “7 
where, by eq 6.1 2a, 
) » 
é y SIN viw 0 
COS | \ | Aa cosh Bie 
; Th. SIN vw 
0) + 
2 ysin vé 
f osh Bg COS (w #) | cosh b 
T Sih vw 
14 
ana 
|” ’ , ” » 
/ | | y sin vé | y 2 ! r 
wi. Sith ») yi COS x ( 
( V I Ow 0 +) 
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here \ 
>> «A, sin? (12 


a 


W), 


If it were necessarv to evaluate M, or M.. the where only a few terms would be required if the 
ntegral in each case is obtained from eq 3.16b, coefficients A, vanish with inereasing 7 like 
it in terms of an s-series. The integration with say, w-' instead of like x7? in eq (7.2 To get 
spect to vy could then be performed by deforming such a form we may, in eq 7.2, make use of the 
he path and evaluating the residues at the poles of known asymptotic expansion of the psi-funetion, 
integrand. The s-series in eq 3.16b would valid when = is large with positive real part 


ad ultimately to a double-series in the expression | \ 1)'B 
, . / log "Ty. “Ye ? - 
F(w— 6.0 We do not pursue this further as ¥ ~ log ) int See ’ 4.0 
Pp Oo.9 vives VF wher 
where the Bernoulli’s numbers are 
\/ V/ V/ cV |f Ww 0.0 FF O.w A) | 6.16 
] ] ] ] Dj . OHO] 
, B 2B _ B wb an? , ” O74) 
VII. Capitance of the Conductor 6 0) te 66 <4 
; | 
If lengths are in centimeters, the capacity C of By use of this it is found by expanding ¥ ( n-4 = 
he conductor is C.(¢ M/' in centimeters), by mI 
. Ths ] 
1 6.9 and 1.4 and v ( + »)in powers ol low that odd powers 
( = ) cancel up to? , Living 
( H asin€gd,S (24.0 S (a0 
( sina 2 a)? | nt | - 
[¥(mt3)—¥ (85 +5 )+ toe 3 | 
asin @ [S,(20, 0 G.(0, O)] ss 7 = > 
us l a ) | T ) l : 
sin @ rA G(?6.0 G00 7.1 gi— : »» zero (— ) cd 
sin _ - - 
where 
\ formula by which the capacitance could be 7 | 127 
miputed ts from eq 6.7 ‘ ; 10) ? ee | ) oe 
’ ‘ } 
7+" and 518+. 
asin ?é T . iw ( a ie | nna ¢ DIS 
(14 \ —. +>} sin : E ( ‘>= ) aa 9] 
L ' A — 
sili 
( Ww The remainder (7 '*) is less than the last term 
) retained in this case the term for p iF) lt 
y ( to ) + log ] 7.2 vanished to higher order than 7 presumably 
9 “J \ like 1 


pis: <  integ e r 
wre values of the psi-function may be taken If p is a positive integer, the following type of 


om tables such as the six tables, No. 7 to No. 12 


COSTNEC-SeTLOS CONVeErges for 


Wir) given by Davis QO=<a=w, 
Tar 
For aetual computations ( 0 of eq 7 2 and its sum is a polynominal I, ( ) of degree 
ld be expressed as a finite number of terms j =) 
-j) in ( 


san infinite series of the form 
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where 


1.644954 
1 OS2323 
L.OL7343 
1. OO4077 


8 


2MRRRS 


1. OOO995 


With the second member of eq 7.5 we could form 
series whose sum represents a polynominal in 
raw) of 12th degree, which could be computed 
without the necessity of computing the Fourier 


series let 


This ray be written as the sum of 6 Fourier 


SCTIOS 


AS 6 Per! 1- (GG) 
» 
oo NTra ew ru 


, $\ | T . 
ty a. ) log +> cos ( 


| ner, | 7 il 
| ¥(u+35) ¥("7+))+los =| 


$4] T Ta . iral 
oi 2 8 ot i w )+ 3) A, cos oS 


where 


For large in eq 7 } becomes 
l, l 
A,~ } Zero (“,): 


Henee, very few terms of the infinite series in eq 


7.8 will be sufficient 
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Formula (7.1) for capacitance becomes 


0 ham - ; —— if a7 0 IT ( id | 
sih 


° eis 
8S‘ A, sin’ ) - 


WwW 


-_ 2rA 

The polynominal IT ( )may be computed by e« 
7.7 and 7.5, @ being replaced by 2@ and again by 
zero for J1(0). 


equivalent of eq 7.2. It becomes an approxima 


This formula (7.9) is the exa 


tion when the infinite series in eq 7.9 is replaces 
by the first two or three terms, but it CIVeSs 
much closer approximation than the same numbs 
of terms of the series (7.2 Formulas for C wil 
be found below, in finite terms, when a @ rationa 
suv w=nmn, but if either of the integers n or ) 
is large, the new formulas may not be preferab! 
to eq 7.9 for numerical computation 

The capacitance of a conductor that consist 
of two unequal spheres in external contact may b 


computed by this method 


Let 
Wy 


b= — where 0<a,<a, and 0<b=1 7.1 
malt 


» 


Equation 1.2 shows that @ and each approac! 


zero, their ratio being 


“7 b 
; » 
a = 


In this case the capacitance is 


CA (( aA = ~~ 4/700 H1(xb)| 
a-+a,tsin rb 2 
inh 
8 >> A, sin mains, 7.1 
é ) 
where 
li<s 
H (xb) == >5(—1)?*! “2 hap (wb 7 
© p= } : 
e-1 rh)?" P I l 
hagled) = 53(—1) ey +(e 
r=) r+ eB é -jp =p 
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cosh*y COs ‘ 
sinh 2ne ae Dn 2 
l ] : 1)? € alt . =D 
p(n a a. . (7 sinh «s cosh a ST 
A,=0(0+2)—log n—} 3h Kee, 7.14 sin?’ 
2 p y 2H 
: l Considering these ratios as polynominals in 
o wl, ~ Zero when 7 is large. . , ‘ 
j (, ) S" t—cosh s, we find the following resolution into 
martial fractions for their reciprocals, 
} | | 
rol equa sp icres O ] 
sinh I 
. . cal sinh (2n ! 
VII]. Capacitance in Finite Terms (w= 
: St Si 
rational) : ales (5 | y cos (,, , ) 
7 . 2n 7 
By eq 4.12, in which 8 and 8’ are each zero and 2n-1 SF ST 
cosh i COS ( ) 
NT, 2H ] 
S 
; 2nnt bo 
S a. 0 > ee (a4 0) 
=} dit oe 
l sin ( - 
' sinh v cosh l : n ) 
Hence, to obtain Sula, 0) when w=nrm, we h 2 ' > 
> am . sinh 27 R tat S71 
quire expressions for S,,(a, 0 These are found cosh? «—cos ta ) 
& ve 
om eq 6 le with B=0 It is necessary to dis- 
‘ g 
nguish between even and odd n» , 
For odd, write «@ 2n l)r, and for even take For 7 1 the integrals eq S.la, b) become 
2ne where n is a positive integer in each case 
Kquation 6.1le gives 5 | sin’, = 1 CO5(5, = ) 
S a0 S = 
\ (a. , 2H mes St a 
, COs ° COS 1) . 
./ ‘ - 
sinh « cosh w ds 
S.1a - 
" } ) | | | = ] ») - f f dt 
Sinn sv I COSI J COs” ’ - ? 
») S77 ( / 
+H - Tr f cos t cos ; \ 
. 2n l in—2 
which we take @ in the period interval, 8 da 
‘ “ sin - 
O< a ws 1) %\r so 0 - | : 4) 
in—2 Sine(a, 0)= 4 20 
. / . S77 a 
‘ milarly, COS Dy COS a 
of sinh x cosh s dz . l l dt 
‘ ™ a0 S lb 2 
7 r S77 a } 
. sinh 2ra cosh? az COS : ’ T t COs” 5 t Cos \ 
a7) . ali 7 


Ss th 
vhere @ is in the period interval, 
Letting ¢—1/cos ¢, the integrals in eq S.4a and 


a a S.4b become J] and J. where 
O<_a< 2w fiw so 0 rr. 
$n , 
] | . l 
These may be integrated by use of the substitu- T \T 
, : ai . l COs , COS 
on t=cosh +, if we make use of the finite products en—I 
hat are valid for real or complex s, and n>1 | 
| S 7 a 
ST cos Cos @ cos cos o 
- cosh*y cos" Dn ] 17 2 
sinh (2n—1)z 2n—1 
2n—1) Il 
sinh a ; ST | 
sin* 5 dg, 
ali ] | a 
cos cos oO 
S.2a in—2 
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COs do 








7. NT <7 T l—cos y cos @ COS 4 Y 






Hence 


, — The formulas obtained, which apply throughout 
do — . | 
r. cos ¥ cos @ sil 9 IO. y< 2m, the fundamental period interval 0 a< 2x (bour 
daries excluded where S,(a.0 a ure 
, ia 
y | do | ro 
| " rT, 
T ] COS y cos” @ sim 4 . l > 
. Svat for 0 a Ir 
sin a/2 
] % cos ode | a | 
= if 0 + T. . : 
rT. cos” y¥ COs” sin 2y For? land 0< a< 2w 2H l)27, we find 
— 
sin 
l L 2) l 
S a, 0 S 85 
> a a é ST 
zi sin sin sin 
} 2 in —2 2 l 
wh 
— 
| sin 
| 2 L 2n— I . 
S Soo 
sin a 2 2) :' S a 2sr 
COs COS 
2) | 2) | 
ar 
i“ 
by eq S.ou with uv hao 1) 2 <v 
a S,,(a, 0 >» lor 0a<2w=44 S.6 
For the even Integer, we vet Sih a 
For » land O0~a< Ye fio, it is found that 
S7 a XN 
Sin 
| J n Dn " ” 
S vr 0 S Si 
ay J a <7 sihaj2n sinsr? 
COS COS x 
2) } 
ha 
o x T 
i= , (1—*) sin ol 
i ‘ / / ~~ 
\ So 4 Ve 
Slllb@e Ss a S17 
COS COS »\ 
2) 7, 
rel 
by eq Sb with J v 4 If a were replaced Sinee eq 8.5 to S.7° ure all valid for the Perle rs 
by @i. thi se Xpre SSiontis Wo ila all serve for period interval, 0 a 2a, these iaty be used In eg $1 tthe 
interval w< a It is readily verified that to obtain S,,.,.(@, 0) for its positive period interv: 
these expressions for S,.(a, 0) satisfy the condition The second form (eq 8.5)’ is used only to ¢ 
of symmetry ’ [ 4h 
G0, 0 Sula, 0 fora—0. The sat 
» 
S.(a.0)—S.(2w—a. 0) so that D.S.(a, 0) =0 L sin a 2 
when a=w remark applic s for eqs 7 
20 
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The capacitance is given by eq 7.1, in which Consequently, 0< 2@< 2, that is 24 is in the first 
he most suitable form to be used here is positive period-interval 

' oO ’ , el l l 

C.(0 asin 6LS..(28, 0 G..(0, O)). S.S) —£s 6 a-+a sin 62>, ee 


In the formulas for capacitance given below it 


: x9 
s understood that @ satisfies the two inequalities 
here m 
feq 1.1, namely were 
For w on \)m 2nr, where | n= 2m 
0< 0< ¢ and 0< 6< wa = 2m = - 
dow 
l an 
asin @ (. oo Jn ] 
( A 3S* 4 4 
2H | }' tr 4 tr i] ST 
sin ( t ) sin ( t )4 Sin 
2m 2) | Im 2) l 2H ] 
og 
| sin. } 
‘ ‘ afi : — 
25 2n—15 S.10 
pa tor or Aomwael ») l\tn 
COS COs sin \ 
m aT ] 2m 
. a 
€',.(0 a 4A—sin @ S11) 
ed | a] 4 
1—(~ +_ ) 
‘ . yi T Mi 
(sein (@ a #—sin @ asin é@> 8.12 
T 2a sin 2at m 
sin ( T 4) 
m 
where m>2 (fig. loa 
. 28 
For w 27 where | 7 2m ] 
2H l 
<7 l 2tr 6 
: a { — | Sin l ( = 17 ) 
( P Sin ah n a 77) / | SH \ 
} }: 2tr 4 Str 2tr 6 SI Swrs 
cos ( t ) COS sin ( T ) 
mn | 7 7 2m | 7 
x v7 % 
( ] ) sin | 
! — " N a 2m | 
3° 8S 4 nS S.15 
yaa Me sq r pa ») tor . 
COS COs sin ( )) 
2m | 7 Dn | 
Phe case « 2r is a thin splhu rical shell with a aad 
ae ( i] a atanéd aqsind a a 
ole of angular aperture 20 The capacitance is ' a ( 
\ ! 
ven ineq IS.11. When the conductor is formed 14 
~ 
Vv two unequal spheres intersecting orthogonally, 
here are two cases, w=m72 and w=3r2. The the radius a, being a tan @ by eq 1.2 
rst equation SS with m 2? vives the capaci- The other case a ir 2 is given by eqs Y with 
ince, for O< @< wr 2, (see ab of fig. 1 } 2 and m | 
asin 6 - | | | . 
( rf) \o 4 + Bio 
4 > lal ‘7 T ty ty T 
v 2 sin (sin + Sin ) ? cos , (cos Sin ) 
3 3 } 3 3 3 
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When @=— 2 2, this conductor is a hemisphere, the 


face a ‘ ir 2 isa plane face This gives 
2a oe ; 
( r/2 y3o—] S453a, (8.16) 


as the capacitance of the hemisphere of radius a. 


Placing @=— 7 2 in eq S.11 gives 


( r ? a(s4 4 SIS3a 8.17) 


as the capacitance of a le mispherical bowl 


In general when w >, as it may be in eq 8.9 o1 
8.12, we may then take @=e— 7, in which case the 
conductor has one plane boundary aus in figure 
3 dl 


IX. Electric Field in Finite Terms 


The only case in which the field, that is, S 


a, B, B’), has been found in finite form where 


neither 8 or B" is zero, has been given in eq 4.12 


with ew mm. This means that the potential due 
to any circular line-charge in the presence of the 
conductor at zero potential is found at all points 
in space in terms of a finite number of complete 
elliptic integrals, for the case of an infinite set of 


values of the form *® «& rm, m bemeg uny positive 


Integer 
When p’—0, we may find three other infinite 
sets corresponding to @ urn where 2? 3. or 4. 


These give the electric field in finite terms due to 
the « harged conductor alone, or to the conductor 
under influence of a point-charge on the s-axis 
It is merely a question of evaluating S,,(a@, 8 

that is, S,.(a@, 8, 0) fors 1, 2, 3, 4 


To do this plane C wor in eq 6 Ib 
vz ( sinh ws du 
T Pl 


cr 
( coshs COS )y cosh na cosh 
7 


9.1) 


Using the finite product 


: 2tr-+- 1p 
cosh na coshs 4 Il cosha cos( ) ’ 
nN 
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sinh x dr 


( cosh a cos hy Tend [eos i cosh ( p = )| 


ry’ cosh r 


8 2x 4 
J cosh pn and I cosh ( )4 
N 7 
where ¢=1, 2, 3, .U l 
This becomes 
» 
S,,-(a.8 
a) 
da 
| cr 
(. COS )y ! F I F l I 
N 


Letting 2’ —syr, this becomes 


For n=1 and n—2, this integrates with elemer 
tary functions. When n—3 and when n—4, it 


tegrates gwith elliptic funetions. For n=5 tl 


integral is hyperelliptic. For »=1 we obtain 
\- 
S,(a, B 


ycosh B COS @ 


as before. 
The expression for S,,,(a@, 8) is given in eq 4.1 


The Case hi 2 ore as 


Equation O05 “IVES J cosh § » and J ] 


eq 9.4 becomes 


fot r—COS Y) v4 l 
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COS @ 


y cosh Dp 


COS @ 


ha , and sin 
COST DPD <£ 


V2 cosh 8/2 » (95 


O-y=r when 0Ca2=r 


nd when B--0, 4 a’? for O all<r. 
lt Is suflicient to restrict @ to the half-period in- 


erval 


The substitution 2—1/cos@ gives 


| F do T 
Sola, Bp 
It Cos Y COS O J Sin 4 
) ) 
) \- l COS ac 
‘ a,o | Cos ( =) ’ 
ycoshs COS a T cosh 8 - 


9.0 


vhich reduces to eq S.6 when B=0. 


lt Thay be not ced that the factor ol the bracket 


s Si(a, B This appears in the two following 


The case? > Or « v5 


A! 7 


( onside a 


n the half-period interval 0-—< e- 


rsov Qs=T Th modulus 4 Is defined hy 
cosh (8/3 
»] | \ Yaa 
v4 cosh? (8.3 | 
Let y (in the interval O<y< 2A) be determined 


cosh e) } COS a ) 
) 


\ 3 ( cosh “ ) 


y 3 (cosh? S44 cos a/3 


9 7b 


is found that 


y2 \ IK’ snydny 
,cosh B—cos a ¢ - l cny 


hie re Z y 


is Jacobis zeta-function, 


, a I E 
Ziu dn*u'’dy’—u ,-— E(u MS -* 
A A 
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The quarter-period for modulus & is A while A’ 


is that for complimentary modulus hk’ = ,1—A 


When B--0 


k>1, K’-*, K 


COs 
- . 
cCny “dn sech ¥ : Oil 0 a T 
ar 
COS 
» 9 
& ) 
Sry Z, y ‘tanh y 


sech 5 ‘ 
] | hy . Sih t@w 2 ‘ a 
San . 
\ ] Ser hy y Sin ro \o o 
lence eq Q 7c becomes 
| 2 sin (ab | 
S.-(a,0 
a : ) a 
yo sihae 
sin = sin 9 
l 
» 


\ } ( cos 5 cos”, ) 


In agreement with eqs 5’ (with 


The case 7 {or w=4r 


Consider @ in the half-period interval 0<a- 


so 0 ajt=r 


w irr, 


Let 
cosh’ B 4 i 


cosh 8/2 


and t 
COs @ } 


cCny where 0 y IA 
cosh 8 4 


It is found that 


» 


\- 


COs a@ 


\ cosh p 


E sin kesny = 7 I QS 


When 8-9, 


this gives for 0< a/4< 7/2, 
Kk’ _. K->-~, eny—sech) 


cos a4 


> tanh y=sin a/4. 
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Therefore, This method ts applicable to the case of tw 
a unequal (or equal) spheres in external conta 
| a -_ 
tr eq 7.11 The capacitance may be computed iy 
S,-(a, 0 as in (8.7) with n=2. . -_ 
sina/2 4c¢osa/4 finite terms with elementary functions whe 


: WNT where O<w<2r, m and »n YOSIELN 
Hence by eq $.12 the potential or electric field ‘ ? . + pe , 
Integers 
mav be found in finite terms when w= "rm where 


7 1.2.3, or 4 and m ts anv positive mteger, The case, w rim capacitance by eq 8.9 
w=(2n—1)x/m, for 1on<2m_ by « 
X. Summary of Formulas for Computing 8.10 
Capacitance and Field w—2r (thin shell with aperture 26 figur 
The conductor has a meridian section bounded Ib by — 8.11 
by the two ares a () and a w of figure 2, i = <ajmim by ats, 8.12 
Several sections are shown in firure 3 The ‘ cum) (on , =m by , 
capacitance is a function (.(@) of the two angles S56 
wand @ In case @=<« r, the conductor has one Special cases 
plane boundary, w= m/2 eq (8.14) and w=3mr/2 (eq 8.15 
For general values of w the capacitance may be w—3n/2, (0—2/2 hemisphere eq S.16 
computed by eq 7.2 or by its equivalent but more w—2r, (@—m 2) hemispherical bowl (ec 
rapidly converging series (7.9 S.17 


The potential due to grounded conductor in presence of a point-charge MW’ at any point P’(a’,0 


on the v-axis may be computed at any point P(a@,8) by eq 4.9 which ts 


uf’ a’ —80 cosh, B—cos (a 


7 a, Bia’, 0 Sin °° \ ») 


” a 
IS. a am. p Ss ar Ge . D 10 


Since Sua, 8) denotes S.(a, 8,0), the second series (4.9) with B’=0 may be used for these S-fun 


tions This vives 
. - SAV’ a’é cosh p COS (a@ 0 . Nwa nora’ 
Vula, B; a’, O sin, \ = > @,. cosh B) sin sin aga, 10.1] 
CW - - Ww WwW 


:, , unr, | 
which converges for all points not on the z-axis, with exponential convergence factor exp ( r= yi 
w - 
so the first term N= 1, is the principal part when 8 is large 
For computing Von the z-axis, the S-funetions in eq 10.1 may be expressed in terms of G-funy 


tions by use of eq nt 2 Then use of the series 0.7 vives 


, Vix a’ —6 a—6 | | 
V(a, 0: a’, 0 sin sin . The | 
CW ~ - TFT a a T a a 
sin > Sin > 
ao WwW a Ww 
s ‘ Nwa nora’ l “un ] T ) 
> sin sin [¥ (+5) vy (-"+., )+log ] 10.1 
Tv Ww Ww - Ww ~ Ww \ 
This Series could be reduced to ohne more rapidly 
convergent as in the transformation from eq 4.2 \" 3 \" \ cosh 8 cos (a 0 
Ga. & 
to 7.9 7 / \ 2 
For the potential Vy(@,8) at any point (a, 8 ) 
, 4 ’ . ) 
due only to the conductor charged to a constant [Sula—8@, B So(a+6, B I, It 


potential, eq 6.11 gives 
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By use of the series (4.9) this becomes m a positive integer) the S-funetions are given 


finite terms by eq 4.12 with w=, that ts, 
. | 


S| cosh 8 COs la 


w \ 


cosh 8) sin 


where each S, funetion is given in terms of a com- 


plete elliptic integral in eq 2.32 


mm In the case of a point-charge on the v-anxis, the 


S.-functions of eq 10.1 are given in finite terms 


when 


vam where n 1,2. 3, 0r4,and m 





sin i ' . is any positive integer. Similarly, the potential 
; . of the charged conductor alone is given by eq 10.2 
| ¥ ( = of | ) y ( un ) bBo "| ( The expressions are found in eq 9.5, 9.6, 9.7, and 
2 w y a \ 9.8 for S:,(a@, B), Sa-(a, 8B) and S4,(a, B The last 
twocases, 7 =3 and n=4, involve elliptic functions 
10.2"" Using these in the general formula (eq 4.12) with 
w—ner and B’=0 gives 
The potential at any point Pag), due to the 
sunded conductor in presence of a circular line- < 2nnt 
harge \W/’, with trace at any point ?’(a', B’) is S a, Pp 25 “(a Oe 3) 10.4 


ven by eq 5.1 and 5.2 where the S-functions may 
WasuincTon, February 8, 1949 


computed by the series (4.9 In case w win 
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Electron Optical Observation of Magnetic Fields 
By L. Marton and S. H. Lachenbruch 


The eleetror optical analog of the “‘Schlieren’’ method mav be used to « xplore electro- 


magnetic fields where conventional methods fail Furthermore, a related shadow method 
especially suitable for the quantitative evaluation of such fields, has been found 
Properties of the Schlieren patterns produced by a magnet consisting of two point 


experimental Schlieren pattern 


poles are predicted by a mathematical analysis An 


produced by a magnetized recording wire, is interpreted qualitatively and compared with 


un powder patte rh 


rhe related shadow method is applied to the magnetized wire The experimental 
data are shown to agree well with theoretical formulas derived from this hypothesis and 
vield reasonable numerical values for the field strength and for the separation of the point 
poles to which each magnetized region is assumed equivalent 





I. Introduction 


In a short communication ' it was pointed out 
that, in close analogy to the light optical Schlieren 
(fect, by means of which small variations of optical 
ensity. can be observed” an electron optical 


~ hlieren effect can be produced and used for the 


observation of electrostatic and magnetic fields of 


minute extent. Subsequent experiments have re- 
vealed, in addition, a related and equally sensitive 
method that utilizes the same apparatus as the 
Schlieren method but is somewhat preferable for 
the quantitative evaluation of such fields. | In con- 
trast with the dark-field Schlieren intensity pat- 
rns, this related method involves measurements 
i deformed shadows against a bright background. 

(s one illustration of the value of the Schlieren 
nd related methods, this paper deals with a de- 
iiled description and analysis of the observation 
f the magnetic fields of magnetized wires used for 
cording purposes. Such wires can be magnetized 
short current pulses by means of the conven- 
mally built magnetic recording heads. — Al- 
hough such recording wires have been used for 
veral years, there was little information avail- 
le on the extent of the magnetized regions and 

the intensity of the magnetic field produced 
he extent of the magnetization can be determined 


Marton, J. Appl. Phys. 19, 687 (1948 
H. Schardin, Toepler 
{ Taylor Model Basin, U.S. Navy 


Schlieren method, Translation 15 


July 1947 


met 
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experimentally either by means of the Schlieren 
effect, or by means of a powder pattern produced 
by extremely fine iron dust or a ferromagnetic 
colloid As regards the value of the field strength, 
its determination by means of the conventional 
methods seems to be highly impractical because 
of the very small dimensions of the magnetized 
region. Under these conditions the best approach 
to the problem seems to be the use of electrons for 
the exploration of the fringe field extending from 
each magnetized region. 

A quantitative evaluation of this inhomogene- 
ous fringe field is based on the deflection of the 
ele ctrons produced by the field. Measurements 
on the configurations produced by this deflection 
are substituted into theoretical formulas derived 
from the field distribution function. 

The final quantitative results are based on the 
assumption that the field in each magnetized 
region is the same as that produced by two equal 
and opposite point poles a finite distance apart. 
The observations have shown that this hypothesis 
explains with sufficient avecuracy all observed facts. 
In the analysis that follows, for a first approxima- 
tion it is assumed that the field is that of an ideal 
magnetic dipole (infinitesimal pole separation 


while in section V the accuracy is improved by 


Irvin L. Cooter, Elect. Eng. 68, 4 949): (Digest of AIEE Paper No 
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generalizing this hypothesis to take into account 
the finite lengths of the magnetized regions 

As the basis of the analytical results, therefore, 
section Tl deals with a general mathematical dis- 
cussion of the properties of electron paths in the 
equatorial plane of an ideal Inagnetic dipole In 
subsequent sections these results are used for the 
theoretical prediction of Sehlieren and related 
patterns and for the derivation of formulas for the 
field intensity in terms of pattern measurements 
Experimental results 


The theoretical 


and experimental constants 
ure compared with predictions 
formulas derived ure modified lo take Inacnet 
length into account Finally, calculations are 
carried out, using quantitative experimental lata, 
for the determination of the magnitude of the field 
and of the effective pole separation, and for a par- 
tial check on the validity of the underlying theo- 


retical assumptions 


II. Trajectories of Electrons in Dipole Field 
l. Exact Analysis 


We assume the presence of a magnetic field 


produced by an ideal dipole. Figure 1 ts’ the 


coordinate diagram of the dipole field in its 


equatorial plane The origin is the center of the 


dipole, which is normal to the page with its north 











- j . 
Yo 
‘oe x 
t e x 
DIPOLE CENTER 
Fiaoure 1 Coordinate diagran for electron path in 
eq atoria plane of d pole 
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pole below it, i. e., its sense is such that electror 
are repelled when Y and dr/dt are positive. TI 
r-axis is placed parallel to the initial direction ¢ 
motion, and the initial ordinate, Yo, IS the distan 
parameter, that locates the incident ray. Pol: 
(r, #) and rectangular (7, ¥) coordinates will | 
used interchangeably 


The magnetic field in the equatorial plane of 








dipole varies inversely as the cube of the distan n 
? y+? from the dipole center 
il 
Il V/ ul ‘ i 
ol 
where Mois the magnetic moment and yw’ tl 10! 
permeability of the medium, whieh is unity for o} 
vacuum when emu are used. If A ts the radi \V/ 
of curvature of the path at any point, 21 is u ar 
versely proportional to 7/7, and it follows fro I: 
eq 1 that im 
Pr) A= B—constant, ; 
Which has the dimensions of area and can b ud 
shown to be given by m 
; " 
B Vie mer Mye ImV, an ¢ 
thy 
where ¢, Ve, m are the speed, accelerating pote hat 
tial, charge, and mass of the electron. We ta 1S a 
y/o as a normalizing unit of length and indicat: T 
by capital letters the normalized coordinates laut 
y Mi VP, A=! vi, R= vi pire 
ry. > . ' nal 
The length , 2 turns out to be the radius of t! 
qua 
one circular trajectory possible in this system var 
a . . i 
Phe analytical equation of the trajectories TI 
electrons entering such a field have been derive yo 
in terms of elliptic integrals. In normalized po 
4 vn 
coordinates (PR, @) this exact solution may 
Setti 
expressed as follows: 
fle 
6=—O(R,Y,) r—i(r/4,), EGW.Y 
where 
her 
, o(R ¥ ae VIR _ Tl 
y=—wW(Rh,) (1/2) are cos [(2,R4 1)/R?*); 
to 
Fiy.k) elliptic integral of first kind; vm 
— le 4 
‘See, e.g., C. Graef and S. Kusaka, J. Math. Phy 17, 43 (193s 
e | 
P 
th 
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\S)F yh 


\ 8) Flare sin 


ul a somewhat more complex but similar expres- 
m when —2< ),<0 


Phe 


irameter 


V7, which is the only 
the 


contains all 


quantity ) 7 


appearing in above solution, ts 


mensionless and the given condi- 
the tnitial ordinate mp, 
\ For il 
\ and 


is the baste 


ons of the problem, viz., 
V/, 
onochromatic parallel 
\/, and therefore 7, 


rameter of the system 


oment and electron energy 


incident beam, 


are fixed, ana Wy 


For such a parallel incident beam, the resulting 


imilv of trajectories is shown in figure 2 for 
jually spaced values of Y The cases V r 
nd ),—0 give degenerate forms: for 2 the 


eetron spirals without limit, approaching the unit 
rele PR and for 0,1 


in electron initially headed for the dipole center, 


las asymptote; e., for 
he path is an equilateral hyperbola tangent to 
hat unit errele, having the two coordinate axes 
sasymptotes and giving a deflection ¢= 2/2 
The caustic curve (shown by dot-dashed curve 


wrked “Envelope” in the fig.) is the locus of points 


or which d)0d),—0. This curve executes a 
piral similar in form to the Y 2 trajectory, 
nd approaches as asymptote the circle whose 
quation is R= y2—1=—0.4, whereas for large 


Y it approaches a cubie curve 


The angular I flection. A which Is positive for 


/ Y,. is given by the inclination of the final 
vmptote, the initial asymptote being horizontal 
Setting R eq 6 and 5 give for the final 

flection 
al #} x ) T » (; T } y . 9) 


here Gis defined bn eq s 
The equation of the final asym ptote of any tra- 
be The 


Vinptotes of 2 trajectory must intersect on its 


ctory may obtained as follows two 


eofsvmmetry, which by eq 5 is the radial line, 


§—a2r—G(r/4, Y w'2+-0/2, 10 
latter form being obtained from eq 9. But 
equation of the tnitial asymptote is =) 


that the intersection is at 
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VS) F 


.when ),>2 


h 


. when )y- ~ if 


sin y). W/k], when 0S ),=2; J 


tan@d 2 Y.Jese 0—cot 6) 1] 


p= y 
The slope of the final asymptote is tan @ by defini- 
tion. From these it follows that the final asvmp- 
tote has the equation, 
Vtan 6,or y= yy sec é+srtané 
funetion 

The )-inter- 


the deflection @ itself 2 


and is given analytically by eq 9 


Is 


of a final asvmptote is thus 


cept, ‘d 
y=, see 8, 


eq 12) of the main tra- 
replotted in figure 3, 
1] 


where it intersects the horizontal initial usvimptote 


The final ausvimptotes 
of 
and each is extended back to the pont 


jectories figure 2 are 


eq 


These asy mptotes Possess oneny elope dot-dashed 


of course, asymptotic to the 


large LY, 
the 


lower branch, which corresponds to a negative ): 


which 
of 


significant 


curve 


Is, 


caustic figure 2 for but whose only 


intersection with )-axis is in a 


if 2.93, y 2.58. 14 


2. Small-Deflection Approximations 


The results of the experiments to be described 
later indicate conditions (dipole strength and volt- 


age) such that the normalizing factor 72 is small 


compared with the radius of the magnetized wire 
The quantitative results to be presented in section 
V lead toa value of y 7 of the order of of the 
This would imply that, in practice, 
15 have little 


wire radius 
trajectories corresponding to |) 
physical significance here. For experimental pur- 
poses we shall be concerned chiefly with trajec- 
tories so far from the dipole center that the deflec- 
well bevond the range of figs 


expres- 


tion is very small 


2 and 3 Thus approximate analytica 
sions for large |), will be experimentally useful as 
well as much simpler than those involving elliptic 
integrals, although the exact eCXPressions could be 
called for in exactly similar problems with different 


physical parameters 
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can be expanded in 


The elliptic integral F (yk 


even powers of k as 


Fy. ky aot, (p—sin y cos py) +0 (he 5 


by eq 15. 


if the (almost straight 


For large 5, 6, and 8, the equations 
trayectories can be shown 


o simplify to 


On setting P one then obtains for the small 


nal deflection angl 


The equal on (eq 12 ol the asvinptots becomes 


poroNXimMiate ly 


) i” 19 
The latter implies that the two asymptotes of a 
ajyectory intersect approximately on the )-axis 
vhen )4, ts lares 


Analogous results for a magnet of finite length 


re given in section V, 


III. Schlieren Observation of Intensity 
Patterns 


1. Description of the Method 


Inits simplest form the electron optical Schlieren 
feet can be obse rved by using an electron souree 
he image of which ts projected on a conveniently 
placed stop by means of an electron optical lens 
This stop blocks all direct ravs In the absence ot 
inv seatteringe obrect or deflecting field in) the 
poavee between source and lens, there Is ho racdin- 


If, how- 


ever, in the space between source and lens there 


on reaching the space bevond the stop 


exists a variation of the electromagnetic index of 
efraction (or there is some material present that 

atters the electrons the ravs will be deflected 
rom their normal pattern and will form a dark 
eld image in the image space bevond the stop 
This image is obviously a pictorial representation 
f the deflections in the plane conjugate to the 


nage plane with respect to the lens 
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Although this description of the Schlieren effect 
is limited to the use of a single lens, it is obvious 
that the use of more than one lens may often prove 
advantageous. Two special cases of more than 
passing interest may be noted here. One is the 
case of two lenses, forming the image of the source 
with a parallel beam in the space between the 
two lenses, and the other is the case of a com- 
pound instrument producing high magnification 
of the Sehleren image. In the first case, the 
object can be placed inh the parallel beam, which 
has the advantage of a rather uniform illumina- 
tion. In the second case, a compound instrument 
is used when the variations of the electromagnett 
index of refraction are of such minute extent that 
ad microscope svstem Is needed for the obser Vation 
It is obvious that a great number of combinations 
of optical elements can be adapted to the needs of 
the experiment for the many possible applications 
of the Sehheren effect 


our previous short communication; see footnote | 


some of which are listed in 


It is not our intention here, however, to describe 
all the possible variations of the experimental 
arrangement Rather this section deals with the 
special application of the method to the observa- 
tion of the magnetic field of the magnetized wire 
deseribed in the introduction (sec. | After a 
theoretical discussion of the effect, based on the 
results of section IL and intended for general 
reference, the detailed laboratory procedure and 


experimental results are described 











| 
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i 
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2. Theoretical Analysis 


The electron optical arrangement for obtaining 
Schlieren images of the inhomogeneity produced 
by a dipole is shown schematically in figure 4, 


whose plane is the equatorial plane of the dipole, 
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1) \ converging lens, L, is placed ata distance 
NV, sufficiently far beyond 7 so that all electron 
trajectories may be considered as coinciding 
with their asvmptotes there In the absence of 
the deflecting field 


will be blocked by the center stop, ©, placed at the 


a parallel beam of electrons 


lens focus Ravs deflected sufficiently by the 
dipole field pass the stop and are collected on a 
fluorescent sereen, S 

It is obvious from figure 4 that the distribution 
of electrons on the sereen, S, is an image of the 
iriual distribution that is obtained in the plane, 
NS’, conjugate to that of the sereen by extrapolating 
all the final asvmptotes back to that plane. Thus, 
ifthe plane S’ is at a distance V to the right of 
the dipole, an electron of initial ordinate } will 
have at the sereen an ordinate vw), where )Y" ts 
given by eq 12, and w is the magnification pro- 
duced by the lens; and = the properties of the 
distribution on the sereen may be predicted from 


a study of the intersections of the asvmptotes of 


af 
4 
8} 
x 
4} 4 
‘ ff 
SY 
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In th nil 


figure 3 with a vertical line at abscissa JY. 


experiments .V=0 ip 

If the sereen, lens, and dipole positions, an 
therefore the conjugate abscissa .Y, are fixed, th Ihe 
position )° (more precisely, w)) of any electro: ol 
on the sereen is a unique function of its initia it 
figure 3 | 


ordinate )y, as given by eq 12 and 


5m eo plot of ) versus ), for severa 
For large | 
y,. It ts obvious tha ths 


Figure 
different values of .Y 
approach the 45° line 


all the curve (he 


the snrerse function defined thereby () il 


funetion of ), for fixed VY) is multiple-valued 
i. ¢., in general, the electrons reaching the seree: 
ata given ordinate }) may originate in any o 
several initial ordinates ) 

The distribution of clectrons on the sereen 
then obtained iis follows In i parallel, TLL ane hre 


matic ineident beam of uniform linear curret 
density op, the total electron current in an el 
mentary initial interval (Y,, Vy+dVy) is od¥ rl 
These electrons form at the sereen an clementas 
interval (YY, Ys dd), so that they contribute t 
the current density at) this pomt on the sere 


uh amount 


Henee the relative current density o @ ut ft 
screen, Which serves as a measure of the intensit 
point, }, on tl 


of the electron beam at vr 


sereen, Is given by 


where the summation is over all values of ) 
- 
which 


over all branches of the multiple-valued funetio 


correspond to the viven value of :. 1. ¢ 


deseribed nbove Graphically, the density fun 


tion o a at any por*l Yoon the sereen is obtains 
from figure 5 by adding up the reciprocals of t! 
absolute slopes of the appropriate curve al 
points’ at which it has the ordinate 

The resulting distributions are plotted in figu 
6 for the same fixed values of LY pont 
infinite density appears at the value of Yo corre 
ponding to the ordinate of the caustie of figure 


at each abseissa .V; but the density approach 
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nity rapidly us ) becomes large, indicating a 
ipid falling off to the uniform initial density, as 
odified only by the lens magnification effect 
The value, or values, of ¥Y corresponding to any 
oint on a curve of figure 6 mav be determined 
th the aid of figure 5 

Under the conditions of the experiments about 

be deseribed, the phenomenon takes on a con 

erably simplified form, due to the following 
siderations 

a) The Schlieren experiments were performed 
lv for the case 


A=0, 22 


the case for which the dipole center itself is 
the plane conjugate to that of the fluorescent 
een For this case the magnetized wire ts 
aged with the same magnification as the pattern 
rrounding it, and uppears on the screen as oa 
rk band across the pattern 
b) Whereas figure 6 assumes an unlimited 
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range of Yy. 1. e., an infinitely wide and unob- 
structed initial beam. the effective Yy-range = is 
actually limited by such factors as finite beam 
thickness, finite lens aperture, and the presence of 
the center stop 

c Values of y hear Zero are also excluded, 
due to the finite wire” thickness As noted in 
section I], 2, results indicate that the excluded 
central range ts roughly the interval —15< Y,< 15 

The effeet of the )\-range limitations (b) and 
c) is to reduce to zero those IntensitV components 
due to the excluded values of V. without changing 
the tensity components elsewhere The part 
terns thus have a finite extent, measurements on 
which many be used for a rough quantitative deter 
mination of the field under ideal experimental 
conditions 

Limitation (¢), furthermore, permits a much 


simplified analytical treatment of the problem 


with the aid of eq ia and IS For these large 
values ol ) » eg IS becomes the basic equation 
on which the distribution is based In the general 


case this is a cubie in ),), determining ), as an 
at-most-three-valued funetion of YY. But under 
» 


condition (a) above, for which eq 22 applies eq IS 


reduces to eq 1 
) y = ¥>. 933 
Whence the density funetion (eq 21) reduces to 
go,=1; 24 


i.e. limitation (¢) restriets us to regions far enough 
away from the dipole so that the initial uniform 
density is essentially unchanged 

At the same time, limitation (b) causes this 
density to fall off abruptly to zero at the values 
of ) corresponding to the outermost ravs, as 
determined by beam width, lens aperture, stop 
size,ete. Thus, with its central portion hidden by 
the wire image in accordance with limitation ( 
the pattern may be expected, in general, to extend 
out a certain distance on either side of the wire 


us re presented by thre inequality 
Prt 6 4 25 


Where Yin and ya, are funetions of the physical 
parameters of limitation (b 

For example, where the lens aperture size ts the 
most stringent limitation, by eq IS and 23, Vie 


and dings are given approximately as solutions of 
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) 2.\,/) R,=0 
f 2X,/) R,—0 26 


R, bemg the radius of the nperture in the lens 
plane oA \, Or, when the phvsieal size (radius 
R. in normalized units in length units) of the 
eenter stop is the determining limitation one ob- 


tains approximately 


f bemeg the foenl length 
Analogous iInequalit es for the case of thachet 
ol timate length are riven il section \ 


3. The Schlieren experiments 


The experiments were carried out by means of a 
slightly modified electron microscope This 
electron microscope, of horizontal design, consists 
of an electron gun, three magneti lenses, and oa 
fluorescent screen The eleetron gun is identical 
with the one desertbed in one of our previous com 
munications © and, for the purpose of this experi- 
ment, it has been operated at 10 kv. The lenses are 
of the conventional roneclad design without 
internal pol pieces, and have 10,000 turns of No 
copper wire each. The inner bore diameter of 


the iron enclosure ts in., and the gap width ts 
in In most experiments only one lens of the 
instrument was used for producing the Schlieren 
image, and the other two lenses were not connected 
at all, The lens most used for the experiments is 
thre proyecto lens of thy electron microscope thus 
reducing the whole instrument to the simplest 
instrumentation as desertbed tn seetion TTL, 1 In 
some experiments, however, the condenser lens of 
the instrument was switched on for the purpose of 
obtaining increased intensity of the Lrypenere As the 
condenser lens was used as a wenk lens, it did not 
influence the essential opt cal arrangement, al 
though it enhaneed the available imtensits In 
host experiments thre object consisted ol 2 
0.0046-in. diameter cobalt-nickel-plated brass wire 
prlane ediat distances varving from °; to 2 in. from the 
lens center On the image side of the lens was 
placed a center stop, consisting of a 0.040-in 
diameter copper disk supported by two verv fine 
metalhe cross-wire O.00L3-in. diameter The 


fluorescent sereen for the observation of the Pryherere 
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was placed at a distance of about 13 in. from tl 
lens center 

\ typical Schlieren image from a magnetiz 
wire is shown in figure 7, A. This particular wi 
was magnetized by short current pulses spaced 
about 0.017 in. distance. The dark shadow of tl 


wire is easily recognized in the image, surround 


by the bright Schlieren images. Such an imac 


gives immediately a good qualitative picture of tl 
extent of the magnetic field and allows judgmer 
about the extent of the magnetization along tl 
wire axis. A comparison with a powder pattern (si 
footnote 3) produced on the same wire permits a 
asv identification of the magnetized region 
fig. 7, B 

The equatorial planes of the alternately pola 
ized dipoles of the wire correspond to lines of ay 


proximate svmmetry drawn through the cent: 


and peaks of the Schlieren images appearing 





i] 
4. 
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cure 7, A, on alternate sides of the wire image 
The illumination appears approximately uniform 
: predicted by eq 24, out to the extremity of the 
attern, where it drops off to zero. In this par- 


cular image the pattern of any one dipole is 
sible bevond the wire on only one side of it, 
dicating an asvmmetrical type of outer limitation 
the final beam 
(n observation made in the course of the ex- 
riments is worthy of mention. During the 
wusing of the image of the magnetized wire, it 
found that the out-of-focus images of the wire 
not straight. The image of the magnetized 
ions is displaced with respect to that of the 
nmagnetized ones, and this displacement re- 
rses on crossing the focus. The explanation of 


s phenomenon is rather obvious: when the 


image of a plane 


s adjusted to focus thi 
oser to the lens than the actual object, the elee- 
ons passing by in a magnetized region are de- 
lected with respect to those passing through a 


onmagnetized region see fig oe, a The result 




















>that the image of the magnetized region appears 
splaced as compared with the nonmagnetized 
ion. If the lens is adjusted to produce an 
nage of a region by vond the aetual object see 

8, ¢), the lens sees the beam coming from a 
reetion that is the backward prolongation of 
he asymptote of the deflected beam. Thus the 


djustment of the lens for a straight image of the 
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magnetized wire (fig. S, b) constitutes a rather 
simple criterion for the best possible focus \l 
though this is not an absolute criterion, eq 19 
indicates that no appreciable errors are involved 
under the existing experimental conditions. — [tis 
possible, furthermore, that this effect may itself 
serve as a method for the quantitative evaluation 


of the field strength 
IV. Bright-Field Shadow Method for 
Quantitative Investigations 


1. Description of the Method 


In one of our Sehlieren experiments described 


i 


the preceding section, it so happened that the 


shadow image of the eentet stop produced On 
the sereen by projection from the virtual source 
between the lens and the stop) was displaced 
laterally by means of an external deflecting mag- 
netic field By adjusting the image of one of the 


fine supporting silver wires to be parallel with 
the image of the magnetized wire, we found that 
the image of that silver wire was not straight but 
AZIVZAY when in) the neighborhood ol the Image ol 
the magnetized wire 

This ee idental observation vyuve rise lo the hew 
bright -field thr 


introduction, for 


mentioned u 


image method, 
exploring the magnetic field 
Extensive experiments with this method hav 
indicated that it lends itself especially well to 
quantitative work. Insertion of a series of easily 
obtained experimental measurements into theo- 
retically derived formulas has vielded fairly con- 
sistent values for the field strength, and = close 
agreement with theory Furthermore, the diffi- 
culties inherent in quantitative measurement of 
intensity patterns are not present in this method 

Figure 9 is a diagram of the arrangement used 
in this method. The diagram is in the equatorial 
plane of one of the dipoles comprising the mag- 
netized wires which is normal to the diagram 


and ts centered nbout a thre north pole beme 


below the diagram, whose orientation is therefor 
When 


the wire is not magnetized, parallel rays passing 


the same as that of figures 1, 2. and 3 


the wire e focused by the lens, whose principal 


planes are atl A 


They are 


and cross over at the focus F, 
as illustrated then parthy blocked by 


the stop and its supporting silver wires, which are 
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One of these cross-wires, 
normal lo 


ina plane through ¢ 
GG is made parallel to the wire S’ 
the diagram plane), so that its shadow 77, on 


the fluorescent screen S conjugate to NS’ will be 


parallel to--and, for small displacements from 


the axis. hidden by— the image of the magnetized 
wire 

When the latter ts magnetized, however, the 
resulting deflection of the incident beam is found to 
produce on the screen a ZigZay cross-wire shadow 
of nonuniform width, whereas the magnetic wire 
image remains practically unchanged See fig 
10 \leasurements on this deformed shadow, for 
each silver wire displacement g, may be = sub- 
stituted into theoretical formulas vielding inde- 
pendent estimates of the dipole strength. The 
degree of consistency with which these data follow 
predicted laws serves as a measure of the ap- 


plicabilitv of the theoretical assumptions 





al diagram of arranqge- 
fron paths th ough de flecting 


an eq satorial plane. 


2. Theoretical Analysis for Isolated Dipole 


Figure 10 is similar to figure 9, except that s 
now represents a magnetized dipole The tw 
curved ravs represent portions of the paths of th 
limiting electrons which, after deflection by tl 
magnetized wire S’, just pass the cross-wire GG 
unblocked The dashed lines GLA‘ EE’. GA‘J 
are the asvmptotes of these curved trajectori 
Primed points and quantities represent conjugate 
of corresponding unprimed symbols with respe« 


to the lens; points such as (€’, G’, A’, AL, a 


distances such as y’, g’, a’, ec’, are thus defines 
All labeled distances are defined as positive whe 
as in figure LO, and negative when in the opposit 
sense 

In addition to the ideal dipole assumption, th 
following experimental conditions regarding orde: 
of magnitude are to be taken into account 

a) The actual source is at a sufficiently gre: 
distance so that the net effect does not differ up 
preciably from that of the parallel incident bea 
of figures 9 and 10 


b) All 


are sufficiently small to make geometrical aberra 


lateral distances and angles involv: 


tions negligible, so that Gaussian dioptrics 
applicable 

¢) The distance s’ is so large that the lens ma 
be considered as outside the magnetic field. 

By conditions (b) and (¢) the rays HAY at 


EA (fig. 10 


to the asviptotes ge’ A. 


are straight lines and are conjugat 
and ke’ A’ 
Thus the effect of the magnet 


field and distant source is equivalent to that of 


with respect 
to the lens. 
defined as the 


virtual source at /’ point 0 


intersection of the two limiting asymptote: 
The resulting one-to-one correspondence reduce 
the analysis to a study of the geometry on 
left-hand side of the lens 
then 


introduction of magnification factors 


The geometry of t 


I 
} 


image Is obtained directly through + 


By condition (b), furthermore, the pots ¢ 
tangency @ and G, may be considered as bet 
vertically in line with the point C on the opt 
wXis. 

The main part of the analysis that follows is t! 
derivation of a field-strength formula based o1 
the properties of the boundary ray G’A’GA (fis 
10), which is characterized by the distance 
A similar result based on the other boundary ra) 
GLALG A, is then obtained at once on repla i 


The results are put in terms « 
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perimentally measurable quantities for numer- 


| applic ution (sec 1\ ) They ure then used 


predict the behavior of the shadow image 


the ceross-wire s moved normal to the opt 
~ sec, IV.4 vielding means of checking the 
reement between theory and experiment both 
alitatively nnd quantitatively see footnote 7 


Tha clipole 


applied to fieu » 10 


trajectory. formulas of section 1H] 


now be Sines thre polar 
entation of the dipol with respect to the plane 
figures 9 and 10 


the diagram the same in 


fieure | o. iy ol frou iv) corresponds 
Llenes lo! thr 


AG. " notation of section I] 


positive 


was potted out in section LL. 2. indications 


threat mass thre 


) for 


mate formulas are appli abl 


the path all electrons that 

rrespore to lara 
This eXpel tent correspond 
ations from thes 


rly ible 


then 1 


wpPpPror 
Krom eq 2S and 


| 
partictiia 


fy and eliminating @’ through 


mportant formula 


3. as defined by eq yy) isa constant of the 


pole and souree. so that eq 32 should vield the 


\\ hen 


moment 


me value of B for different values of q’ 
has been so dete rmined the rian tye 
field IT at TUT 


uxis, can be obtained immediately 


andl the strength distance 7 
om thre Wire 


moeq 3 and eq 1, which give 


By2mVoe and ITM 


B Ih Sqpuaare millimeters, 7 in millimeters and 


I volts // Is VIVE in Oersteds by 


11—33.7BV 
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When V 
field in 


about two wire radii) is 


10,000 volts, as in the experiments, the 


oersteds at O.J mn from the wire dALIs 


/1—6.74X10°R: 34b 


at 0.2 mm it is one-eighth of this: ete 


The formula 32, when put ina form involy 


ing experimentally measurable quantities, and 


> 


with eq 34 valu 


liv. 10 


combined vields il numerical 


for 7/7 based on the boundary rav GUVGA 


alone An exactly similar formula based on the 


other boundary rai GAG A. would be equally 


sutistactory 


The second form of JY imvolves the ints 


tion ot new notation 


| this notation makes 1 possible lo rile 


change the roles of the two boundary rays iw any 


equation or statement, merely by inserting the 


~ ibser yt 1 thre svimbols g yy Jd. aw. ole where Vel 
| 

and remoy ne it why rever it uppears 

Throughout section IN 


un interchange will bye 


it is Missing 
3 the Pass bilitv of such 

understood Hence 
although i laren portion of the text treats ¢ xplie tly 
ONOA 


will contain ina plic tly an eNxaetly 


only the ray every statement ivolving 


that ray nial 


ovotus statement involving the rav Gow GA 


> 


3. Adaptation of Results to Experimental Conditions 


B fore transtat ne eq Into a form for expel 


mental lIs¢ Wi introduce sori new notntton 


First, the analysis up to this point has been 


the form of a study of deflections in the equatorial 


parr of an tsolated dipole of known polarity 


Actually the 


ofasel es of dipoles see footnote 7 


magnetized wire consists essentially 


of alternating 


polarity but approximately equal strength 


anv configuration on the fluorescent screen wi 


| 
a composite preture from which. in general 


basically different sets of measurements can be 


obtained one set pertamime to he equatorial 


planes of thre approximately dentical dipoles of 


ana another corresponding set for 


the oppositely polarized dipoles 


one polar ity 


Certain distances 
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measured normal to the optic axis in figure LO (a 
a, a’, a’, ga, gq’) will not, in the general case, be the 
sume for the two sets of dipol s Subscripts I and 
? referring to the two opposing dipoles, will be 
th ype nded to these quantities whenever it is de- 
sired to distinguish between them: but the deei- 
sion as to which dipole polarity is to be assigned 
each subseript will be left arbitrary for the present 
\ difficulty in notation is presented by the fact 
that figure 1010s oriented according to dipole polar - 
ity This implies that the positive y-direction 
normal to the optie axis) for one set of alternate 
dipoles will become the negative direction for the 
other set of dipoles so that the composite tage 
on the fluorescent sereen will require a nonuniform 
sigh convention And if the displacements q and 
gq. of the cross-wire edges G and G,, respectively, 
fig. 10) are g@ anda when one spe ifie dipole Is 
considered, then for either adjacent dipole the 


eorre sponding displa ements are 
q dy, and g q ) 
whenee also. from eq ob, 


Y ) y S 
To eliminate these difficulties we arbitrarily 


define starred quantities as follows 


Thus starred quantities have the same maqnitudes 
aus corresponding unstarred quantities, whereas 
thr il alvebrat S1us are cle termined by dipoles ol 
the first polarity (subseript 1) and are therefore 
reversed for quantities with subseript 2 If a 
coordinate system is set up on the fluorescent 
screen, the use of starred quantities implies a uni 
form sign convention throughout the screen: da; 
and af are then the ordinates of one rim of the 
shadow at its intersection with the equatorial 


planes of alternate dipoles, as shown in figure 11 


a r 


, ” 








i 
' 
+ t 
he 
. 
12*-Q2 
Figure tl Diagram of a typical bright-field shada 0 
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Finally, in order to introduce experimental 
measurable quantities into eq 32, we defi 
several magnifications 
uu s/s’ macnifieation of magnetized wire iia 

on screen; } 
e—f)/(ce—f rT GG. (tie. 9 { 
magnification of silver wire as determined by 
shadow on screen vi abse nee of maqneti fiel 
corresponding shadow magnification (1 prese 
of maadqnetu ficld 1,2 
w=cle’=y/7' —9g/9 i 
magnification associated with cross-wire pla 
COG, and its conjugate plane C°Q'G!, 
Ordinarily only « and v will be known experimet 
ally, the others being obtainable therefrom, as w 
be shown 

From eq 40 and 43, and the tmage formu 

1/s-+1/s’ =1/e’ +1/e 1 f, we obtain 
( f(1-+w), s=—f(l+4p 14 
whence eg 1] vields i simple formula fol w 
terms of uw and 3 
+ 


Kquations 39 5 \ iclds the relations 


a a; ou a (lo q J 


ua f(l+ 1) p ce =c/w—f(1+v/p } 


from which eq 32 may be put in terms of measu 


ments on the fluorescent screen 
and 


Two additional formulas, from measurements 


the other boundary rav, are implied by eq oft 


where j-=9' +1 


Equations 47 will, in general, give four 


pendent estimates of 2B from a single compos 
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ave, using Mmensurements on the displacements 
both edges of the shadow and for dipoles of both 
the displacement g* is 


entations, prov ided 


own. however, the 


For certain special cases, 
iunber of independent results obtained from eq 
is reduced or ine reased 

When, as in the experiments deseribed 
are not known 


Case | 
rein, the displacements g* and q 
curately, they may be determined algebraically 

solving the eq 47 simultaneously in- pairs, 
hereupon the four equations vield but two com- 


\\ hen the cCross- 


Is known. three inde- 


tely independent estimates 
re thickness y*=g*—q’* 
ndent estimates are possible 
Case 2 
ple shadow appears, 
on, vielding 


Under certain conditions a double or 
as shown in the next sec- 
additional independent mensure- 
ents 


Case 3 For the symmetric case, for which the 


oss-wire is centered on the opt r-) “AXIS, We 
ve 
qq q* >~* 2. tS 
d ai 14 
é..; a... a0) 


» that eq 472 and 47d are identical, as are also 
Tb and 47¢ 
Case 4) For the 


to the optic axis, we have 


case for which the cross-wire 


tangent 
q* Oa’ a: a = 


) that both eq 17a ana 7h reduce to 


(‘nse 5 When the cross-wire shadow ts thin in 


mparison with its displacement, i. e.. when 


a then ! a (le* q* q* 
that eq 47 and 47d ure approximately identical 
th eq 47a and 47b respectively and therefore 


nnot be considered as independent in numerical 


rk In this ist however, ih place ol eq Fe 
7 Tal two other equations 
t ) 2rd a d #4 > 


iv be used for independent checks on eq 47a and 
1) These ure expressions for the shadow th ick- 
ses, Obtained by differentiation of eq 47a and 


b. with 


ly,=y, da,=a,, da a*() 2) dB=0. 54 
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An evaluation of B from a sereen image by 
means of eq 47 requires only the two measure- 
ments a* and a%, the displacements of one shadow 
edge from the axis of the magnetized wire image 
at the centers of alternate magnetized regions 
The focal length f and the magnifications uw and vy 
ay be determined from independent nenusure- 
ments. In particular v, the shadow-magnification 
for an undeflected beam, may be determined ac- 
curately from the shadow of the center-stop disk 
itself instead of that of its fine supporting wires 

The value of B so determined, and the known 
electron a celerating voltage \V, ay then be sub- 
stituted directly Into eq 34 for a determination 
of the field strength /7 at any specified distance 
r from the magnetized wire axis 

The value ol B determined by eq $7 ia be 
verified by any or all of the following methods 
thick from 


eq 47a, b may be 


a) For shadows, the caleulation 
repeated using the measure- 
edge, 


ments a*, and as,, for the other shadow 


as in eq 47¢ d 
the differ- 


be checked against 


b) For thin shadows (Case 5 above 


ential formulas (eq 53) may 


measurements on the shadow thicknesses a, and 
a The numerical agreement of each of these is 
equivalent to an independent check on B 

‘aleulations may be applied to 
different 


may be 


© The above 
several photographs corresponding to 


Cross-Wire displacements q° Results 


averaged, and their range of variation used as an 


indicator of the ace uracy ol the final figure 


4. Shadow Form as Function of Cross-Wire Dis- 
placement 


\ theoretical Investigation is now made of the 


manner in which the shadow moves along the 


fluorescent) sereen and ino which its” thiekness 


changes, as the silver wire is moved across and 
bevond the optic axis; i. e., the functional depend- 


ence of a and @ on g will be studied. Certain 


recognizable peculiarities in the shadow behavior 


afford a qualitative check between experimental 


conditions and theoretical assumptions, while 
additional quantitative predictions are also 
obtained 

As in Figure 10, suppose the rim @ of the 


silver cross-wire to be displaced a distance g’* 
from the optie axis, with resulting shadow-rim 
displacements ay—a¥(qg*), at=—at(g*) and shadow 
thicknesses a, = a,(q*) = a¥(g*+ y* as(@*), and 
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te tg* > a nt 


, alg" a points cor- 


responding to aiternate eq intorial planes; and let 


be the corresponding values of these quantities 
when @” {) Then hy od 1, ana D2. a a, 


constant or 


mnal (l by cubt 


whieh if solved mav make the a 
triple-valued funetions of g* in some intervals, 


ond stngle-valued funetions elsewhere 


Fieure 12. based on eq ol is a plot of the ade 
flections a in normalized form a* a of the 
shadow rim cl. as funetions of g* (in normalized 
hort va oa The deflections a of the othe 
shadow rim 4 are dentical funetions of q gq” 


This graph may be interpreted as predtet 
ne theoretically the form of the ziezag shadow 
mage on the sereen, corresponding to a given q* 
With this given ¢ isabseissa, the ordinate a* de 
termined by the curve marked * 1° in figure 12 
represents the marin splacement of the ede 


of the Zivzne ina as mensured from the Hinge 


of the magnetized wire axis as a coordinate axts 


ich tmaxinum displacement occurs at potnts 

alor t this wxis orresponding to the equatorial 
planes of the dipoles of a pra Tony polarity 
Similarly the ordinate a® determined by the curve 
marked a4 represents thr displacement of thr 
sibtive shadow cher ut thre ntermedtiate points 
centers of the dipoles of opposite polarity 


The Iwoa splire ements of the other shadow elo 


ne riven by corresponding ordinat s Ww th 
} 


‘] } y ws Uls¢ sil 
: \ 
These two aisp ements are equal and opposite 
i I 


when gq” () nna approach cormmerdences straight 


Decomes laut r¢ kor Intermediate 


shadow is 


values of g* figure 12 shows a peculiar behavior of 
thy shadow on vg a 1S 2 the 
two «a splacements nr On Opposit sides, l ( 


a '} As g* passes this critical value, indicated 
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by the point r two new branches of the 


becomes tripl valued 


curve appear, and a 


shadow maces | 


Although ol 


of these images is usually hidden by the magnetiz 


that they are actually thre 


dipoles of the second polarity 


‘ 


wire image. whose half-thieckness is of the ord 


f O.5 ay in these experiments, the appearance 


| 


two others instead of the usual single image vir 


an additional independent estimate of / \s 
this additional uma 


mecrenses further howeve! 


disappears behind the magnetized wire image, le: 
h the eff 


ing only the outermost image, on wh 


of th 
There remains thre analysis of shadow thick) 


: ' 
and macnifieation Kor ai thiek shadow 


‘magnetic field becomes less and less marke 


obtaimed from = figure 12 


thicknesses a ner 
differences Aa 


to absetssa differences Aa* 


between ordinates correspond 
“ . being 
cross-wire diameter: and the corresponding shad 
magnifications 7 a 4 as defined by eq 
are proportional to these thicknesses In fact, 1 
magnification ratio 7 expressing the shad 


magnification mn the presence of the field in ut 
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that obtained with zero field. is obtained 


ecthy and in propel units) as the slope of the 


rad joing the two relevant points on the ap- 
For such 


priate curve of figure 12 


yt the form 


il slope 


Ala a,) Alvg* a a; ivy” =n, DS 


For a shadow so thin, however, that y* and a* 


of ith rential inacnitude Case 5 above), the 


» Dots impli ad by eq DS are so ¢ lose tovether 


a good approximation of n;/v is given by the 


tuntaneous slope of the curve at the abscissa 


or og This slope is viven analytically by 


x3, Which, with the aid of eq 42 and 56, may be 


nto the form 


y» Vv | ] 4 a a | Ou 


{ mobingation ol the | with eq 56 Vic lds 7 and / 


so a, and a) as functions of g* fora thin shadow 


ire 13, based on ed oo, isa plot of the shadow 


nifications m, or thieknesses a; (in normalized 


mo n,/v) versus g* (in normalized form va* a 
derivatives of the 


essentially a plot of the 


netions of reut |? 
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An important theoretical conclusion from eq 59 


concerns the magnification nm, of a ve ry thin cross 
Here g* and 


qy differ negligibly from zero, so that eq 59 and 


wire centered about the optic axis 


5] \ ield 
Ne | 60) 


i. ¢., When an infinitesimally thin eross-wire is cen- 
the shadow maadni fication N IX 


ale vin the absence of the 


tered (i. q* ) 
evactly one third of its 
field. This implies, in figures 9 and 10, that 
rT Sa. and that the cross-over / 
the optic axis) is twice as far behind the focus F 


projected on 
as the ecross-wire C is be yond it, when the latter is 


centered It also implies that of eq 55 Is ¢ qual 
to vy 5 
Figure 13 shows the manner in which the two 
n, for a thin shadow vary from v3, at g*—0, 
to vy as g* The three magnifications 7» 
beyond the eritical point P refer to the three 
The magnification 


point I? (q* 189 


images indicated by figure 12 
is infinite at the = ceritical 

Negative magnifications imply an inverted shad 
between eross-wire and 


ow and a cross-ovel 


sereen, 


5. Qualitative Experimental Results 


The apparatus used in the bright-field method 


experiments is) essentially the same as the 
Schlicren apparatus deseribed in section IIT, 3. 
The latter, together with the introductory re- 
marks in section T\ 1 deseribing the rearrange- 
ment, should eonstitute a suffi ent dese ription of 
the experimental procedure involved 

Figures 14 and 15 are (magnification approxi- 
mately configurations on the fluorescent screen 


for different silver wire positions The wide 


dark band is the image of the magnetized wire 
Whereas the thinner, distorted band is the shadow 
image of the cross-wire In figure 14 A the 
from the 


cross-wire is sufficiently far 


opty nAIs 


so that its shadow has negligible curvature 
whereas figure 14. B and C shows the result of 


moving thre CTOSS-WiIre closer to thre Opt HNXIS, 


until the central position (q* e; Is upprox- 


imately reached in figure 14. « Fieures 15. a 
and bare similar to figures 14, b and ¢ but involve 


\ pol 


tion of a dark circle appearing on the side of some 


somewhat different physical parameters 


photographs Is part of the shadow of the 


itself The 


of the 


center stop turning potmts 1.4 
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points of maximum and minimum deflection of 


the shadow, correspond to the equatorial planes 


of the dipoles magnetized rewions 











The <° figures can be seen to ayvree well quali- 


iatively at least, with the theoretical curves of 
figures 12 and 13. Each photograph corresponds 
tora party lear abse Issa q° on those graphs, or more 
pre isely to two absecissas g* and g for the two 
edges of the cross-wire In accordance with figure 
13. when the shadow bulges out on both sides of 


the central image (figs. 14, C and 15, B)it is thicker 
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on the side that shows the greater bulges: an 
these thicknesses appear to be of the order « 
one-half —somewhat greater than the theoretical] 
predicted one-third—of that of the straight shado 
of figure 14, a. The diserepaney seems to b 
explained by the results of the next section 

Of particular interest are figures 14, band 15, a 
figure 15, a being bv far the clearer——-which follo 
very closely the theoretical predictions of sectio 
IV, 4 regarding the peculiar behavior of th 
shadow in the vicinity of the critical point / 
of figures 12 and 13 Not only a) the extrem 
thickness of the shadow at alternate equatoria 
planes in figure 15,a, but also (b) the small brigh 
spot bounded by the thick shadow and the mag 
netized wire image, and (c) the very slight bi 
distinet bulging on the opposite side of this centra 
image, are explained by the “/—2” curves o 
figure 12, which indicate that these photograph 
correspond to a cross-wire displacement such tha 
the upper edge of the cross-wire corresponds to 
q* to the right of the point ?, whereas the g? fo 
the lower edge lies to the left of P Both th 
outer boundary of the thick shadow and th 
outer boundary of the bright spot are shadows o 
the upper edge, with ho corresponding shadows 
the lower edge” Furthermore, the bulging on th 
opposite side of the central image represents pa 
of the third shadow, shown by the negatn 
branch of the curve in figure 12 

This apparent qualitative agreement of theo 
and experiment may be interpreted as a tentatn 
verification of the ideal-dipole assumption as 
first aupproximation For a more accurate uppror 
mation, section V introduces a new parameter, al 
more positive results are obtained in section V1 


in Which the quantitative data are analyzed 


V. Correction for Magnet Length 


The analysis up to this point has been based o 
the assumption that the elementary magnets 
the wire are ideal dipoles Although ‘his assumy 
tion may be expected to vield results of the corre 
order of magnitude, the main limitation on the 
aecuracy is due to the fact that a theoretical clipe 
is infinitesimally short. In these experimet 


measurements were taken at small distances, co! 
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tlec 


with the magnet length which by fivut 


able 
his about two wire diameters 

\ considerably better approximation therefore 
iv be expected if one assumes the form of the 
kd to be that of two equal and opposite point poles 
As A—0 this re- 


whereas the addi- 


parated by some distance 2d 
ces to the dipole assumption 
parameter A introduced vields one mor 

\ method is derived whereby 
2d the 


nets is evaluated in the process of determining 


of} free dom 


ore 


‘ equivalent pol separation for wire 


effects of this generalization of the basic 


Phe 


ssumption on the preceding analytical results are 


he exact solut 
olution 


laced throu rhout by soOTne variables R and Y 


\ 


having a 


earlier 


below equation 


mmarized 


rect analog in the sections is numbered 


tha prime, implying a reference for comparison 
’ the 


med number 


equation bearing 
ret analysis Il. 1 
The 


heehee t 


field distribution in the equatorial plane of 


Is TOW 
Vw’ Vip’ 
\ distance from either Ole 1 
| 
in equatorial plane, 
Phe exact differential equation of motion is not 
If, however. we define 


simple as earlier 


be comes 


new ¢ 


for the when PR and Y, are re 


ise 


> SPr 


here ROR<R, ) 
alles fle ct ond 
For large Y 


ae 


mations (see. IL. 2 


the final deflection now becomes 
17’ 

id the equation of the final asymptote 
y=] 2N(Y 


heorctical Sehlicre analysis th LI]. 2 


Inequalities 26 and 27 for the predicted limits 
| 


the pattern become respectively 
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the corresponding un- 


» 


ah approximate 


27 4 


Let rmination of I] hy hriaht field "7 ethod 7c 
2; EN 
The formulas 


eq 32 


and 35) for B become 


The formula q for determining J/ from i; 


bye COMMS 


/1 


' 


nh terms OF measurements on 


and 

Tb 
with similar expressions at the other 
17 17a 


‘he shadow thicknesses a . a 


boundary as 


Im eq and 


obtained by 


differentiation for thin shadows become 


urxa 


Shadow form as fi 


IV. 4 


The relations eq 56) between g* and a* becon 


ment see 


where dp is considered as defined by eq 57 rather 


than by eq 55 
The corresponding magnifications / ol thin 


shadows become 


In place of eq 60, for the case of a very thin et 


wire centered about the optic aNXIs, 


ur a; ur ay)*| Ho’ 


I? and 


13 is ina direction indicating considerably better 


The effect of these changes on figures 
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agreement between observation and theory, as 
will be shown in the next seetion, in which the 
theoretical and experimental shadow magnificea- 


Lions re compared 


VI. Quantitative Results 


The general equation eq 4a for yon the 


creenne ralized hvpothests of s ction Vy man be written 
i / \vu 61 


where, on this hypothe sis, and X are onustants 


of the wire, whereas wand ware variables 


In anv photograph, each measurement of the 
displacement of a shadow boundary, in the equa 
torial plan of a dipole of either polarity vields 
a pat ol exper mental values of w and w provided 
Maqgua 


the d <placemnye rit has been dete rmined 


tion Ol unplies that under the ge neralized hypoth 


sis these points should lie on a straight tine whos 
slope and w-intercept are Nyame Jy spectively 
Or) thre ‘ rrlier hvnotlre s of an iden! dipole 


however, the equations (47) for 2 take the form 


mplving that the same experimental points would 


le along a hors contal line if the dipol case were 
applicabl 


Figure 16 shows a plot of 22 experimental points 


/ 7 obtained from = shadow edve displacement 
measurements in different portions of figures 14 
and 15. In each case g* was determined by 
equating the values of the right member of eq 61 
nut two values ola so that the two points x) 
obtained are not entirely independent of each 


other, and each is given only half weight in all 


averaging. The IS) singly encircled points in 
firure 16 form © such pairs Whereas each of the 
} doubly encircled potnts represents an entirely 
independent measurement; the 22 points are thus 
equivalent to | mutually independent Hheasure- 


mients 
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The solid line, fitted to the pots by le 


squares, has a slope 
0.00790 mim, (} 
and a r-intercept 


B- 21461079 mm () 





w.mm? 








1.0 1.5x 


These are therefore the parametet values obtain 
on the hy pothesis that the field is that of two po 
poles separated by a distance 2A Krom eq | 


this equivalent pole separation is 


24—0.178 mm 1.5 magnetized wire diamet 


This agrees well with figure 7, b, showing act 


elementary macnets nbout two dinmeters lon 


and hence place seach equivalent pone pole abe 


one-fourth of the way in from extremity to cent 


of the magnet 
Krom eq 65 and 34% one obtains a magn 


field (in oersteds; r in millimeters 
O.0079 { 


11=0.144/ 0 


This distribution is plotted in figure 17. At | 
mm from the wire axis, or about 0.04 mm fr 


the wire surface, it has a value of GO oersteds 
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URE 17 Theoretical field distribution of maanetized 
eon th jpothe sof section \ , based on data in fiqure 16 
d stance tron ea 
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The degree to which the correction for magnet 
ith improves the accuracy of the results is 
n by comparing the solid line in figure 16 with 

broken horizontal line obtained by simply 
eraging the ordinates of the points (see eq 63 
This shows that the dipole hypothesis (without 
vield a value B, 1.4810 


mn’, which is 30 percent less than the B of eq 65. 


rrection) would 
lhe very pronounced slope of the solid line, with 

atively low standard deviation therefrom, is 
indicator of the extent to which experimental 
wlitions approximate the generalized hypothesis 
Further verification of the hypothesis is pro- 
led by a comparison of the actual shadow thick- 


s with that predicted by eq 59’. It is to be 


ed that the magnification ratios for figures 
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14, ¢ and 15, b in the following table would be 
only about 0.33 according to the original dipole 


hypothesis 


Magnification ratio 


ny 
Figure number 
Theoret- Measured 
ical 
14, b ] Oo. S14 O. SIS 
14, Cc ] 12 ay a) 
14, « 2 147 135 
15, a l S32 S41 
15, b (averaged | 132 100 
15, b (averaged 2 344 370 


Finally, from eq 65, one obtains for the normal- 
izing unit of length used in sections Il and ITI, 


, B=0.0046 mm, 


Which is about one-thirteenth of the wire radius, 
thus justifying the small-deflection approxima- 


tions used. 


VII. Conclusion 


Although the preceding deseription refers to a 
very special application of the electron optical 
Schlieren 


are capable of wide application to the observation 


and related methods, these methods 
and measurement of eleetric and magnetic fields 
hot susceptible to mvestigation by established 


techniques see footnote | Other examples, in 
some of which preliminary experiments have been 
fields, 


time-varving fields, and 


undertaken, are space charge standing 
electromagnetic Waves, 
ferromagnetic domains 

Essentially, the methods introduce a new cate- 
gory of objects to observation by means of electron 
optical systems. In the past, electron optics has 
been used to observe or to form Haves of two 
types of “objects” 

l Objects emitting electrons, whereby the 
image is used for the study of surface properties 
and emission phenomena. 

2) Observation by scattered cleetrons, in which 
case the image formation shows differences in the 
seattering properties of different) parts of the 
object and is therefore confined to observations 


of “transparent” or “translucent” objects 
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To these two categories Wwe now add a third 
category of objer ts: electromagnetic fields. The 
methods here deseribed are essentially methods 
designed to form visible images of field distribu- 


tions and to interpret them. 
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